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Classification
Given a document  and a set of classes , we want to find the class  
that maximizes . Two ways to do this: 

Naive Bayes 

Logistic Regression

d = w1, . . . , wK 𝒞 = {c1, . . . , cm} ci
P(c |d)
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Language Model:  gives us a probability for a text sequence


Conditional Language Model:  gives us probability of a text sequence conditioned on something  
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Naive Bayes Intuition
Given a document  and a set of classes , we want to find the class  
that maximizes 


Language Model:  gives us a probability for a text sequence


Conditional Language Model:  gives us probability of a text sequence conditioned on something  

d = w1, . . . , wK 𝒞 = {c1, . . . , cm} ci

P(c |d)
P(w1, . . . , wK) = P(d)

P(d |c)

MAP: maximum a posteriori

Apply Bayes Rule

P(d) does not depend on c!



Naive Bayes: An “illustration”
Summary: We want to find the class 


Let’s say you work on a group project with a friend, and we want a model that can attribute your writing vs 
your friend’s writing. C = {you, friend} 

cMAP = arg max
c∈C

P(d |c)P(c)
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First, we determine who did more work. This gives us a prior estimate (bias) on whether any document was 
written by you or your friend.  
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Naive Bayes: An “illustration”
Summary: We want to find the class 


Now, to compute  for any input document  We can train two language models, one trained on 
your writing, and one on your friend’s 
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Summary: We want to find the class 


Now given a new sample , we can compute the probability under each LM to find . And multiply 
this by  to find the MAP estimate.  

cMAP = arg max
c∈C

P(d |c)P(c)

d P(d |c)
P(c)
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Summary: We want to find the class 


The prior is important when the probabilities are close under each LM! 

cMAP = arg max
c∈C

P(d |c)P(c)

Naive Bayes: An “illustration”

MAP estimate is friend!

P(d|friend)=  
1/10

P(d|you)= 
1/10

P(friend) = 
3/4X

X P(you) = 
1/4

3 / 40=

= 1 / 40



Naive Bayes: One extra detail…
Summary: We want to find the class 


Now, to compute  for any input document  We can train two language models, one trained on 
your writing, and one on your friend’s 
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P(d |c)P(c)
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Naive Bayes: One extra detail…
Summary: We want to find the class 


Now, to compute  for any input document  We can train two language models, one trained on 
your writing, and one on your friend’s 

cMAP = arg max
c∈C

P(d |c)P(c)

P(d |c) d

P(x|you) To simplify our LM, we use unigrams. This is 
equivalent to saying, we assume all words are 
independent of each other. This is the “naive” 
assumption of Naive Bayes
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that maximizes .


2. We don’t know , but we know how to estimate  using a simple LM!  we can get 
 using Bayes’ rule!


1.  


3. Bayes rule requires us to estimate , we can do this just by counting the proportion of documents 
that are class 


4. To estimate  let’s be lazy and choose the simplest possible LM that assume (Naively) that each 
word is independent - the unigram 


5. Combine 3 & 4 and you can find the MAP estimate: 
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Given a document  and a set of classes , we want to find the class  
that maximizes  


Compared to NB, with LR we take a more direct approach: directly compute  given a set of 
features constructed from the input document .


d = w1, . . . , wK 𝒞 = {c1, . . . , cm} ci

P(c |d)

P(c |d)
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Logistic Regression: Features

Document 
d Features LR Model P(c |d)

This is the feature vector  for some input 
document 

x
d



Given a document  and a set of classes , we want to find the class  
that maximizes  


Compared to NB, with LR we take a more direct approach: directly compute  given a set of 
features constructed from the input document .


d = w1, . . . , wK 𝒞 = {c1, . . . , cm} ci

P(c |d)

P(c |d)
d

Logistic Regression: Features

Document 
d Features LR Model P(c |d)

The features to use is a design decision. A 
natural default is to use a vector 
where each dim is the counts of one word 
in the vocabulary. Also known as Bag of 
Words (BOW) model

x ∈ ℝ|V|



Given a document  and a set of classes , we want to find the class  
that maximizes   

Now given some feature vector  how do we turn this to a probability? 
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Given a document  and a set of classes , we want to find the class  
that maximizes   

Now given some feature vector  how do we turn this to a probability? 

1. Convert the features to a number. The higher the number, the more confident we are that the document 

belongs to a class. We call these numbers logits.
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Given a document  and a set of classes , we want to find the class  
that maximizes   

Now given some feature vector  how do we turn this to a probability? 

1. Convert the features to a number. The higher the number, the more confident we are that the document 

belongs to a class. We call these numbers logits.

2. Normalize the logits using sigmoid so we get a well-defined probability distribution.


1. For more than 2 classes we use the softmax, which is the m > 2 generalization of sigmoid

d = w1, . . . , wK 𝒞 = {c1, . . . , cm} ci

P(c |d)
x

Logistic Regression: LR Model

Document 
d Features LR Model P(c |d)

w ⋅ x + b
σ(w ⋅ x + b)

1 − σ(w ⋅ x + b)



• A critical piece of logistical regression!

• Turns any arbitrary number into a value between 0 and 1

• Important properties: smooth and, thus, differentiable


σ(x) =
ex

1 + ex
=

1
1 + e−x

Sigmoid Function σ(x)

Document 
d Features LR Model P(c |d)

w ⋅ x + b
σ(w ⋅ x + b)

1 − σ(w ⋅ x + b)



• A function for turning a set of numbers into a probability distribution (i.e., values between 0 and 1)

• Useful for classifying a finite number of labels (e.g., words in a vocabulary)


• You may see  for denoting softmax in some placesσ

softmax(xi) =
exi

∑K
j=1 exj

,1 ≤ i ≤ K

Softmax Function 



• Temperature can be used to control the “sharpness” of the probability distribution.

• Lower temperature → sharper distribution.

Softmax Function: Temperature
softmax(xi) =

exi/τ

∑K
j=1 exj/τ

,1 ≤ i ≤ K

Logits

τ = [0.1,1,10]

How might this affect how 
we choose classes? (stay 
tuned for future lectures!)
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4. Oh no! The linear combination might not be in , so we normalize using sigmoid: 

1. The probability for one class is , so the other class must have prob  
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1. Let’s be as lazy as possible and just take a linear combination of the features: 


4. Oh no! The linear combination might not be in , so we normalize using sigmoid: 

1. The probability for one class is , so the other class must have prob  


5. Given our model, we can estimate the probability of a train set under the model 

1. We will set  so that  =  is maximal (MLE principle) 


2. For stability and convenience we can take the  to minimize   this is CE loss
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d x
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1. Let’s be as lazy as possible and just take a linear combination of the features: 


4. Oh no! The linear combination might not be in , so we normalize using sigmoid: 

1. The probability for one class is , so the other class must have prob  


5. Given our model, we can estimate the probability of a train set under the model 

1. We will set  so that  =  is maximal (MLE principle) 


2. For stability and convenience we can take the  to minimize   this is CE loss


6. We can then use GD to minimize the CE loss! Since the function is convex, we will converge to the optimum.
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Logistic Regression: Cross Entropy Loss LCE
 

              Loss function for binary logistic regression 

Intuition: we want to estimate how close the classifier output  is to the true label  (0 or 1), this allows us 
to try to maximize the (log) probability of the true label  for given input . 


Note that this is same as minimizing the negative log probability or the true label . 


̂yi = σ(w ⋅ xi + b)

LCE = −
n

∑
i=1

[yi log ̂yi + (1 − yi)log(1 − ̂yi)]

̂y y
y x

y



Logistic Regression: Cross Entropy Loss LCE
 

              Loss function for binary logistic regression 

1. how did we arrive at this loss? 
For a distribution with discrete outcomes (0 or 1, also known as a Bernoulli distribution), the probability of 
the correct label is simply:





What does this evaluate to when  ? What about when  ?








̂yi = σ(w ⋅ xi + b)

LCE = −
n

∑
i=1

[yi log ̂yi + (1 − yi)log(1 − ̂yi)]

p(y |x) = ̂yy(1 − ̂y)1−y

y = 0 y = 1
p(y |x) = ̂y, y = 1
p(y |x) = 1 − ̂y, y = 0



Logistic Regression: Cross Entropy Loss LCE
 

              Loss function for binary logistic regression 

1. how did we arrive at this loss? 
For a distribution with discrete outcomes (0 or 1, also known as a Bernoulli distribution), the probability of 
the correct label is simply:








Looks pretty similar to the loss above, which is just the sum over all the log probabilities over  samples.


̂yi = σ(w ⋅ xi + b)

LCE = −
n

∑
i=1

[yi log ̂yi + (1 − yi)log(1 − ̂yi)]

p(y |x) = ̂yy(1 − ̂y)1−y

log p(y |x) = log[ ̂yy(1 − ̂y)1−y]
= y log ̂y + (1 − y)(1 − ̂y)

n



Logistic Regression: Cross Entropy Loss LCE
 

              Loss function for binary logistic regression 

2. how do we use this loss? Gradient descent! 

Our objective is to find , but to do so, we need to find the gradient of the loss with respect to 

the weights  and update them. Consider a simplified version for  without loss of generality.





We will use the sigmoid derivative later.

̂yi = σ(w ⋅ xi + b), w = [w1, …, wd], x = [x1, …, xd]

LCE = −
n

∑
i=1

[yi log ̂yi + (1 − yi)log(1 − ̂yi)]

arg min
w,b

LCE

w n = 1

dσ(x)
dx

= σ(x)(1 − σ(x))



Logistic Regression: Cross Entropy Loss LCE
dLCE

dwj
=

d
dwj

− [y log ̂y + (1 − y)log(1 − ̂y)]

=
d

dwj
− [y log σ(w ⋅ x + b) + (1 − y)log(1 − σ(w ⋅ x + b))]

= − [
d

dwj
y log σ(w ⋅ x + b) +

d
dwj

(1 − y)log(1 − σ(w ⋅ x + b))]

= −
y

σ(w ⋅ x + b)
d

dwj
σ(w ⋅ x + b) −

1 − y
1 − σ(w ⋅ x + b)

d
dwj

(1 − σ(w ⋅ x + b))

= − [ y
σ(w ⋅ x + b)

−
1 − y

1 − σ(w ⋅ x + b) ] d
dwj

σ(w ⋅ x + b)

= − [ y − σ(w ⋅ x + b)
σ(w ⋅ x + b)(1 − σ(w ⋅ x + b)) ] σ(w ⋅ x + b)(1 − σ(w ⋅ x + b))

d(w ⋅ x + b)
dwj

= − [ y − σ(w ⋅ x + b)
σ(w ⋅ x + b)(1 − σ(w ⋅ x + b)) ] σ(w ⋅ x + b)(1 − σ(w ⋅ x + b))xj

= − [y − σ(w ⋅ x + b)]xj

= [σ(w ⋅ x + b) − y]xj

chain rule on log

rearrange

chain rule on sigmoid



Multinomial Logistic Regression: LCE
 

              Loss function for multinomial logistic regression 

Once again, we will take the derivative of this with respect to the weights. 

Since we are using softmax instead of sigmoid, we need to first derive the derivatives of the softmax.

P(y = i |x) = softmax(xi) =
exi

∑K
j=1 exj

,1 ≤ i ≤ K

LCE = −
m

∑
c=1

[1{y = c}log P(y = c |x)]
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              Loss function for multinomial logistic regression 

Once again, we will take the derivative of this with respect to the weights. 

Since we are using softmax instead of sigmoid, we need to first derive the derivatives of the softmax.


P(y = i |x) = softmax(xi) =
exi

∑K
j=1 exj

,1 ≤ i ≤ K

LCE = −
m

∑
c=1

[1{y = c}log P(y = c |x)]

P(xi) =
exi

∑K
j=1 exj

d
dxi

P(xi) = P(xi)(1 − P(xi))

d
dxi′￼

P(xi) = − P(xi)P(xi′￼
), i′￼ ≠ i



Softmax
P(xi) =

exi

∑K
j=1 exj

d
dxi

P(xi) =
d

dxi

exi

∑K
j=1 exj

=
exi ∑K

j=1 exj − exiexi

(∑K
j=1 exj)

2

=
exi

∑K
j=1 exj

∑K
j=1 exj − exi

∑K
j=1 exj

= P(xi)(1 − P(xi))

d
dxi′￼

P(xi) =
d

dxi′￼

exi

∑K
j=1 exj

, i′￼ ≠ i

= exi
d

dxi′￼

1

∑K
j=1 exj

= exi
ex′￼i

(∑K
j=1 exj)

2

= − P(xi)P(xi′￼
)



Multinomial Logistic Regression: LCE
              

We’ll switch to a notation that is easier for derivation.


  (AKA a one-hot vector)   .              

                                                             is the correct class


LCE = −
m

∑
c=1

[1{y = c}log P(y = c |x)]

y = [y1, …, yK], yi=c = 1,yi≠c = 0 ̂yi = softmax(wi ⋅ x + bi)

LCE = −
K

∑
i=1

[yi log ̂yi] LCE = − log ̂yc, c

P(xi) =
exi

∑K
j=1 exj

d
dxi

P(xi) = P(xi)(1 − P(xi))

d
dxi′￼

P(xi) = − P(xi)P(xi′￼
), i′￼ ≠ i
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                                           is the correct class


y = [y1, …, yK], yi=c = 1,yi≠c = 0 ̂yi = softmax(wi ⋅ x + bi)

LCE = −
K

∑
i=1

[yi log ̂yi] LCE = − log ̂yc, c

d
dwi

LCE = −
d

dwi
log ̂yc

= −
1
̂yc

d
dwi

̂yc

= −
̂yc(1 − ̂yc)

̂yc

d
dwi

(wi ⋅ x + bc) i = c

= − (1 − ̂yc)x = − (1 − P(y = c |x))x

= −
̂yc ̂yi

̂yc

d
dwi

(wi ⋅ x + bc) i ≠ c

= − (0 − ̂yi)x = − (1 − P(y = c |x))x
= − (yi − ̂yi)x = − (yi − P(y = c |x))x general case

P(xi) =
exi

∑K
j=1 exj

d
dxi

P(xi) = P(xi)(1 − P(xi))

d
dxi′￼

P(xi) = − P(xi)P(xi′￼
), i′￼ ≠ i

̂yc = ̂yi


