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What is LLM Reasoning?
Intermediate steps / tokens

Input → Reasoning → Output

Ling et al., Program Induction by Rationale Generation, ACL 2017 — the first paper to use natural language for intermediate reasoning steps.
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What is the output when concatenating the last letter of each word in
“artificial intelligence”?

NO REASONING

The answer is “le”.

REASONING

The last letter of “artificial” is “l”. The last letter of

“intelligence” is “e”. Concatenating “l” and “e” leads to “le”.

So the answer is “le”.
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The first paper on natural-language intermediate reasoning

Ling et al., Program Induction by Rationale Generation, ACL 2017 — first paper to describe intermediate reasoning steps in
natural language.
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Highlight of LLMs in 2024-2026: advancement of reasoning models

OpenAI o1 achieved impressive performance across challenging reasoning tasks in math, coding, STEM.

openai.com/index/learning-to-reason-with-llms
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Performance improves with more inference-time compute

o3  achieved 87.5% accuracy on ARC-AGI, with

>$1k test-time cost per task.

Other existing LLMs achieved <25% accuracy

without special inference-time techniques.

arcprize.org/blog/oai-o3-pub-breakthrough
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Core idea: trigger the LLM to generate long chain-of-thought (CoT)

Approaches to trigger CoT generation:

  · Few-shot CoT prompting

  · Instruction prompting

  · Instruction tuning

  · Reinforcement learning

This lecture: inference-time techniques for

scaling token budget.

Wei et al. 2022 · Nye et al. 2021
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Outline

PART 1 Introduction to basic prompting techniques
Use more token budget to generate a single solution

PART 2 Search and selection from multiple candidates
Increase the width to explore the solution space
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Background: standard prompting

Before post-training advances, standard

prompting performance was poor on reasoning

benchmarks.

Issue: standard few-shot exemplars only show the

final-answer format, not the rationale to derive the

solution.

Wei et al. 2022 · Nye et al. 2021
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Chain-of-thought prompting: providing thoughts in the exemplars

Wei et al. 2022 · Nye et al. 2021
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CoT performance scales with the model size

CoT performance improves more significantly

with model size.

Better models benefit more from CoT generation.

Drastic improvement when the model reaches a

certain scale.

Wei et al. 2022 · Emergent Abilities, TMLR 2022
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Zero-shot CoT: elicit CoT generation with an instruction

The phrase Let’s think step by step  triggers CoT generation without any exemplars.

Kojima et al., NeurIPS 2022
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Zero-shot CoT significantly outperforms zero-shot performance

Kojima et al. 2022
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Issue: zero-shot CoT performance is still worse than few-shot CoT

How to improve CoT performance without manually labeling exemplars?

Kojima et al. 2022
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Analogical prompting: instruct the LLM to generate exemplars

Prompt the LLM to first recall relevant exemplars, then solve the test problem.

Instruction: ## Recall relevant exemplars: ## Solve the initial problem:

Example input: “What is the area of the square with vertices (-2,2), (2,-2), (-2,-6), (-6,-2)?”

Model output: self-generated exemplar (square with side length 5, area = 5² = 25) → solution (area = 32).

Yasunaga, Chen, Li, Pasupat, Leskovec, Liang, Chi, Zhou, LLMs as Analogical Reasoners, ICLR 2024
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Analogical prompting — benefits

Exemplars are self-generated by LLMs — no manual labeling.

Exemplars are tailored to each individual problem.

Works across math, code, temporal reasoning — out-of-the-box.

Yasunaga et al., ICLR 2024
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Motivation: human analogical reasoning
Humans are not explicitly given demonstrations for each new task.

Instead, humans intrinsically recall from past relevant experience.

How to solve it, George Pólya, 1945
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Example: Codeforces (prompt)

Beyond exemplars, the LLM can also self-generate high-level knowledge.

Generated knowledge complements the problem with broader algorithmic insights.
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Example: Codeforces (self-generated knowledge + exemplars)
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Example: Codeforces (solving the initial problem)
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Result overview
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Stronger LLMs are better analogical reasoners

Weaker LLMs benefit less from analogical prompting — but it does not hurt zero-shot performance.

With stronger LLMs, analogical prompting outperforms CoT with manually-designed or retrieved exemplars.
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Which instructions work for CoT generation?

Current LLMs are sensitive to prompt design.

There is no clear principle for writing optimal

prompts.

How to reduce the manual work for writing

prompts?

Kojima et al. 2022
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Large language models for prompt engineering

Proposal generation: leverage the LLM to generate initial instructions. Scoring: score each instruction by prediction
correctness on a small set of problems.

Zhou et al., ICLR 2023
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Going further: LLM as the optimizer to iteratively improve the prompt

Core idea: instruct the LLM to leverage the past optimization trajectory.

Optimizer: LLM proposes a new instruction. Evaluator: LLM evaluates accuracy.

Yang et al., LLMs as Optimizers, ICLR 2024

26 / 56



Meta-prompt for prompt optimization

The meta-prompt shows the LLM past instructions & their scores, sorted ascending, then asks for a new one.

Past instructions & accuracies: e.g. Let’s figure it out!  → 61 · Let’s solve the problem.  → 63.

Exemplars: input Q–A pairs with <INS>  as a placeholder for the new instruction.

Prompt goal: “Write your new text that is different from the old ones and has a score as high as possible.”
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Results on GSM8K

Initial: Let’s solve the problem.  at 60.8%. Best LLM-generated prompt outperforms Let’s think step by step  by ~8%,

matching few-shot CoT (80.7%).
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Summary — Part 1

CoT generation: variable computation adapting to different difficulty levels.

How to improve CoT at inference time:

  · Few-shot prompting with labeled thoughts

  · Instruction prompting to trigger CoT

  · Instruct the LLM to automate prompt design

Principles that hold: encourage longer CoT for complex tasks; support reasoning strategies required for the task.
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Outline

PART 2 Search and selection from multiple candidates
Increase the width to explore the solution space

PART 1 Introduction to basic prompting techniques
Use more token budget to generate a single solution
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What is missing so far?

We should not limit the LLM to generate only one solution per problem!

Exploring multiple branches allows the LLM to recover from mistakes in a single generation.

Generate multiple candidate solutions per problem, or multiple next steps given the current partial thought.

Challenge: how to select the best response from multiple candidates? In most cases we have no oracle scorer at

inference time.
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Self-Consistency: select the response with the most consistent final answer

Selection is based only on the final answer — reasoning paths can differ across sampled responses.

Wang et al., Self-Consistency, ICLR 2023
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Self-Consistency boosts performance across models and benchmarks

Consistent improvements across GSM8K, SVAMP, AQuA and others — for PaLM, GPT-3, UL2, Codex.
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Self-Consistency performance scales with more samples

Sample-and-Rank baseline: select response with highest log probability.

Self-Consistency scales much better than probability-based ranking.
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Sampling diverse responses is crucial to self-consistency
Beam search vs. sampling: SC needs diversity (high temperature, nucleus sampling).
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Consistency is highly correlated with the accuracy

More agreement across sampled responses → LLM is more certain → aggregated solution is more likely correct.
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Limitation of self-consistency decoding

Requires an answer extraction process — can we enable consistency-based decoding for free-form generation?

Wang et al., ICLR 2023
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Universal self-consistency: LLM performs consistency-based selection

Instead of extracting answers, ask the LLM itself to pick the most consistent response — works for open-ended generation.

Chen*, Aksitov* et al., 2023
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Universal Self-Consistency results

USC improves open-ended generation (summarization, QA) where vanilla SC doesn’t apply.

Matches SC on math & coding. No answer extraction, no code execution. Bounded by long-context capability.
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Training LLM rankers: two types of verifiers

ORM (Outcome RM): verify at the solution level. PRM (Process RM): verify at the step level.

Cobbe et al., 2021 · Lightman et al., 2023
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Strong LLM-based verifiers outperform consistency-based selection

PRM scales better with more samples than ORM or consistency voting.

Highly dependent on verifier quality — the same verifier may not generalize across tasks.

Lightman et al., 2023
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So far: response selection after full responses are generated

Does not fully utilize a step-wise scorer — LLM + tree search prioritizes promising partial solutions.

Yao et al., Tree of Thoughts, NeurIPS 2023
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Tree-of-thought example: Game of 24

Thought generation: prompt the LLM to propose next thinking steps.

Thought evaluation: prompt the LLM to score how promising the current state is.
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Voting-based state evaluation

LLM selects the best state among candidates by voting multiple times; majority vote becomes the final choice.
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Tree-of-thought results: Game of 24
ToT + BFS scales better than standard prompting and CoT w.r.t. token budget.
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Can we reshape the model’s output distribution?

So that thoughtful responses naturally rank 1st?
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Supervised Finetuning (SFT)

STEP 1 Collect problems and their step-by-step solutions from human annotators.

STEP 2 Maximize the likelihood of human solutions.

APPLY Then apply the model everywhere.

Ling et al., 2017 · Cobbe et al., 2021 · Nye et al., 2021
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Supervised Finetuning (SFT) — in practice

Training data: hand-annotated problem – rationale – answer triples.

Example A — last letter of “artificial intelligence”: rationale walks through each word’s last letter → “le”.

Example B — Elsa has 3 apples… rationale walks through addition → 8.

Finetune the LLM on those pairs, then apply to a test problem (e.g. “How many ‘r’s in ‘strawberry’?”).
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Pros and Cons of SFT

PROS

CONS

Generic.

Does not generalize well.

Scaling does not help much.
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How to fix the generalization failure from SFT?
Recall the SFT procedure — what should we change?

STEP 1 Collect problems and their step-by-step solutions from human annotators.

STEP 2 Maximize the likelihood of human solutions.
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RL Finetuning
Repeat this process:

STEP 1 Collect problems and their step-by-step solutions generated from the model.

STEP 2 Maximize the likelihood of correct solutions.

Luong et al., ReFT: Reasoning with Reinforced Finetuning, 2024
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RL Finetuning — full form
Repeat this process:

STEP 1 Collect problems and their step-by-step solutions generated from the model.

STEP 2 Maximize the likelihood of correct solutions, minimize the likelihood of wrong solutions.

Luong et al., 2024
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Why “generated from the model” instead of “from humans”?

First principle in ML:

Directly optimize what we want!
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So what do we want to optimize here?

Optimize “generation quality”!

Examples of quality measurement: correctness for solving math problems; BLEU score for machine translation; …

All the rest is to compute gradients / backpropagation.
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So what do we want to optimize here?

RL finetuning

= Optimize it by gradient ascent
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Summary — Part 2

We can scale inference-time compute by sampling multiple branches in the solution space.

Consistency-based selection: simple, effective, and general.

  · Self-Consistency — marginalize over reasoning paths, select by final answer.

  · Code generation — reranking based on execution consistency.

When LLM self-evaluation works well, search in the partial solution space can help.
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