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What is LLM Reasoning?

Intermediate steps / tokens

Input - Reasoning - Output

Ling et al., Program Induction by Rationale Generation, ACL 2017 — the first paper to use natural language for intermediate reasoning steps.

02 / 56



What is the output when concatenating the last letter of each word in
“artificial intelligence"?

NO REASONING REASONING

The answer is “le". The last letter of “artificial” is “I". The last letter of
"intelligence” is "e". Concatenating "I" and "e" leads to “le".
So the answer is "le”.
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The first paper on natural-language intermediate reasoning

Problem 1:

Question: Two trains running in opposite directions cross a
man standing on the platform in 27 seconds and 17 seconds
respectively and they cross each other in 23 seconds. The ratio
of their speeds is:

Options: A) 3/7 B)3/2 C)3/88 D)3/8 E)2/2

Rationale: Let the speeds of the two trains be X m/sec and y
m/sec respectively. Then, length of the first train = 27x meters,
and length of the second train = 17 y meters. 27x + 17y) / (X +
y) =23 = 27x + 17y = 23x + 23y — 4x = 6y — x/y = 3/2.
Correct Option: B

Ling et al., Program Induction by Rationale Generation, ACL 2017 — first paper to describe intermediate reasoning steps in
natural language.
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Highlight of LLMs in 2024-2026: advancement of reasoning models

Competition Math Competition Code PhD-Level Science Questions
(AIME 2024) (Codeforces) (GPQA Diamond)
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OpenAl o1 achieved impressive performance across challenging reasoning tasks in math, coding, STEM.

openai.com/index/learning-to-reason-with-lims
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Performance improves with more inference-time compute

O SERIES PERFORMANCE / ARC-AGI SEMI-PRIVATE EVAL

STEM GRAD
88%
03 HIGH (TUNED) @
76%

AL MTURKER A0 oML ITIHED) 03  achieved 87.5% accuracy on ARC-AGI, with

>$1k test-time cost per task.

KAGGLE SOTA

Other existing LLMs achieved <25% accuracy

without special inference-time techniques.
25%
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arcprize.org/blog/oai-03-pub-breakthrough
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Core idea: trigger the LLM to generate long chain-of-thought (CoT)

Chain-of-Thought Prompting

—{ Model Input |

Q: Roger has 5 tennis balls. He buys 2 more cans of
tennis balls. Each can has 3 tennis balls. How many
tennis balls does he have now?

A: Roger started with 5 balls. 2 cans of 3 tennis balls
each is 6 tennis balls. 5 + 6 = 11. The answer is 11.

Q: The cafeteria had 23 apples. If they used 20 to
make lunch and bought 6 more, how many apples

do they have? j

A: The cafeteria had 23 apples originally. They usedw
20 to make lunch. So they had 23 - 20 = 3. They

bought 6 more apples, so they have 3 + 6 =9. The

Model Output

answer is 9. j

Wei et al. 2022 - Nye et al. 2021

Approaches to trigger CoT generation:
- Few-shot CoT prompting
- Instruction prompting
- Instruction tuning
- Reinforcement learning

This lecture: inference-time techniques for
scaling token budget.
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PART 1

PART 2

'

Outline

Introduction to basic prompting techniques
Use more token budget to generate a single solution

Search and selection from multiple candidates
Increase the width to explore the solution space
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Background: standard prompting
Standard Prompting

- Model Input \

Q: Roger has 5 tennis balls. He buys 2 more cans of
tennis balls. Each can has 3 tennis balls. How many
tennis balls does he have now?

A: The answer is 11.

Q: The cafeteria had 23 apples. If they used 20 to
make lunch and bought 6 more, how many apples

do they have?

J

Model Output

A: The answer is 27. x

Wei et al. 2022 - Nye et al. 2021

Before post-training advances, standard
prompting performance was poor on reasoning

benchmarks.

Issue: standard few-shot exemplars only show the
final-answer format, not the rationale to derive the
solution.
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Chain-of-thought prompting: providing thoughts in the exemplars

Standard Prompting Chain-of-Thought Prompting
Model Input Model Input \
Q: Roger has 5 tennis balls. He buys 2 more cans of Q: Roger has 5 tennis balls. He buys 2 more cans of

tennis balls. Each can has 3 tennis balls. How many

tennis balls. Each can has 3 tennis balls. How many tonnis balls does he have now?

tennis balls does he have now?
A: Roger started with 5 balls. 2 cans of 3 tennis balls

A: The answer is 11. Bach is 6 tennis balls. 5 + 6 = 11. The answer is 11.

Q: The cafeteria had 23 apples. If they used 20 to Q: The cafeteria had 23 apples. If they used 20 to

make lunch and bought 6 more, how many apples make lunch and bought 6 more, how many apples

do they have? J Co they have? /
Model Output

A: The cafeteria had 23 apples originally. They used
20 to make lunch. So they had 23 - 20 = 3. They

A: The answer is 27. x bought 6 more apples, so they have 3 + 6 =9. The

Cnswer is9. j

Model Output

Wei et al. 2022 - Nye et al. 2021
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CoT performance scales with the model size

—o— Standard prompting
—©— Chain-of-thought prompting
- - Prior supervised best
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Wei et al. 2022 - Emergent Abilities, TMLR 2022
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(a) Few-shot

@oger has 5 tennis balls. He buys 2 more cans of ter&

balls. Each can has 3 tennis balls. How many tennis balls does
he have now?
A: The answer is 11.

Q: Ajuggler can juggle 16 balls. Half of the balls are golf balls,
and half of the golf balls are blue. How many blue golf balls are
there?

A:

Zero-shot CoT: elicit CoT generation with an instruction

(b) Few-shot-CoT

ﬁRoger has 5 tennis balls. He buys 2 more cans of terﬁ
balls. Each can has 3 tennis balls. How many tennis balls does
he have now?

A: Roger started with 5 balls. 2 cans of 3 tennis balls each is 6
tennis balls. 5 + 6 = 11. The answer is 11.

Q: A juggler can juggle 16 balls. Half of the balls are golf balls,
and half of the golf balls are blue. How many blue golf balls are
there?

A:

(Output) The answer is 8. X

o /

(c) Zero-shot

Q: A juggler can juggle 16 balls. Half of the balls are golf balls,
and half of the golf balls are blue. How many blue golf balls are
there?

A: The answer (arabic numerals) is

(Output) The juggler can juggle 16 balls. Half of the balls are golf

balls. So there are 16 / 2 = 8 golf balls. Half of the golf balls are
We. So there are 8/ 2 = 4 blue golf balls. The answer is 4. v/

(d) Zero-shot-CoT (Ours)

Q: A juggler can juggle 16 balls. Half of the balls are golf balls,
and half of the golf balls are blue. How many blue golf balls are
there?

A: Let’s think step by step.

(Output) 8 X

(Output) There are 16 balls in total. Half of the balls are golf
balls. That means that there are 8 golf balls. Half of the golf balls
are blue. That means that there are 4 blue golf balls. v

The phrase | Let’s think step by step |triggers CoT generation without any exemplars.

Kojima et al., NeurlPS 2022
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Zero-shot CoT significantly outperforms zero-shot performance

Arithmetic

SingleEq AddSub MultiArith GSMS8K AQUA SVAMP
zero-shot 74.6/78.7 72.2/77.0 17.7/22.7 10.4/12.5 22.4/22.4 58.8/58.7
zero-shot-cot 78.0/78.7 69.6/74.7 78.7/79.3 40.7/40.5 33.5/31.9 62.1/63.7
Common Sense Other Reasoning Tasks Symbolic Reasoning

Common Strategy Date Shuffled Last Letter =~ Coin Flip

SenseQA QA Understand  Objects (4 words) (4 times)
zero-shot 68.8/72.6 12.7/54.3 49.3/33.6 31.3/29.7 0.2/- 12.8/53.8
zero-shot-cot 64.6/64.0 54.8/52.3 67.5/61.8 52.4/52.9 57.6/- 91.4/87.8

Kojima et al. 2022
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Issue: zero-shot CoTl performance is still worse than few-shot CoT

MultiArith  GSM8K

Zero-Shot 17.7 104
Few-Shot (2 samples) 33.7 15.6
Few-Shot (8 samples) 33.8 15.6
Zero-Shot-CoT 78.7 40.7
Few-Shot-CoT (2 samples) 84.8 41.3
Few-Shot-CoT (4 samples : First) (*1) 89.2 -
Few-Shot-CoT (4 samples : Second) (*1) 90.5 -
Few-Shot-CoT (8 samples) 93.0 48.7
Zero-Plus-Few-Shot-CoT (8 samples) (*2) 92.8 51.5

Kojima et al. 2022

How to improve CoT performance without manually labeling exemplars?
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Analogical prompting: instruct the LLM to generate exemplars

Prompt the LLM to first recall relevant exemplars, then solve the test problem.
Instruction: | ## Recall relevant exemplars: ## Solve the initial problem:

Example input: “What is the area of the square with vertices (-2,2), (2,-2), (-2,-6), (-6,-2)?"

Model output: self-generated exemplar (square with side length 5, area = 5% = 25) - solution (area = 32).

Yasunaga, Chen, Li, Pasupat, Leskovec, Liang, Chi, Zhou, LLMs as Analogical Reasoners, ICLR 2024
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Analogical prompting — benefits

Exemplars are self-generated by LLMs — no manual labeling.
Exemplars are tailored to each individual problem.

Works across math, code, temporal reasoning — out-of-the-box.

Yasunaga et al., ICLR 2024
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Motivation: human analogical reasoning

) Humans are not explicitly given demonstrations for each new task.

() Instead, humans intrinsically recall from past relevant experience.

Do you know a related problem? We can scarcely

Contents xiii imagine a problem absolutely new, unlike and unrelated

H OW ‘tO Conditlon 72 to any formerly solved problem; but, if such a problem
Contradictoryf 73 . . . n

Corollary 73 could exist, it would be insoluble. In fact, when solving

Could you derive something useful from the data? 73 a problem, we always profit from previously solved prob-

S O |Ve |-t Could you restate the problem?y 75 lems, using their result, or their method, or the experi-
D ing and recombini 5 : .
e 2 ence we acquired solving them. And, of course, the

‘Definition ) o ast-to-most prompting _ *?

Descartes o2 problems from which we profit must be in some way
a new aspect of Determination, hope, success 93 rclated to our present problem. Hence the question: Do
Diagnosis 94

mathematical method you know a related problem?

Did you use all the data? 95 . . . .
o you Know a related problem? o There is usually no difficulty at all in recalling for-

Draw a figuref LL¥isas analogleal merly solved problems which are more or less related to
Examine your guess 99
Figares reasoners 03 our present one. On the contrary, we may ﬁnd too many
Generalization 108 such problems and there may be difficulty in choosing a
Have you seen it before? 110 useful one. We have to look around for closely related
Here is a problem related to yours

G. POLYA pritedt ey sy you _— problems; we LOOK AT THE UNKNOWN, or we look for a
Heuristic 1z formerly solved problem which is linked to our present

one by GENERALIZATION, SPECIALIZATION, Or ANALOGY.

How to solve it, George Pdlya, 1945
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Example: Codeforces (prompt)
—COurPrompt: Self-g plars + Knowledg )

Your goal is to write Python3 code to solve competitive programming problems. Given a problem, explain the core concepts in it and provide
other relevant problems. Then solve the original problem.

# Problem:
You are given a sequence a_1, a_2,

«, a_n. Each element of a is 1 or 2. Find out if an integer k exists so that the following conditions are
met. 1 <k <n-1, and a_1 - a_2 .. ak =

a_{k+1} .. a_n. If there exist multiple k that satisfy the given condition, print the smallest

# Instruction:
## Algorithms:
Identify the core concepts or algorithms used to solve the problem.

## Tutorial:
Write a tutorial about these algorithms.

## Example Problems:
Provide three examples of relevant competitive programming problems that involve these algorithms. For each problem, describe the problem,
explain the solution in detail, and then write the correct Python3 code

## Python3 code to solve the original problem:
- Explanation of the solution:
- Python3 code to solve the problem:

Beyond exemplars, the LLM can also self-generate high-level knowledge.

Generated knowledge complements the problem with broader algorithmic insights.
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Example: Codeforces (self-generated knowledge + exemplars)

——(__output by GPT3.

rbo

-. Self- d Ki d
## Algorithms: The core algorithm for solving this problem is the prefix product algorithm.

## Tutorial: The prefix product algorithm is used to calculate the product of all the elements in a prefix of an array. The algorithm works
by initializing a variable "prefix" to 1, and then iterating through the array from left to right. At each iteration, the current element is
nultiplied with the prefix, and the result is stored in the prefix variable. This way, the prefix variable keeps track of the product of all
the elements in the prefix of the array. The time complexity of this algorithm is O(n), where n is the size of the input array. ......

[ ## Exanple Problens:

self. d
i 1. Problem: Give

en an array of integers, find the product of all the elements in each subarray of size k.
Solution: We can use the prefix product algorithm to solve this problem. We initialize a prefix variable to 1, and then iterate through
the array from left to right. At each iteration, we multiply the current element with the prefix,

def product.
prefix
result = [1
for i in range(lenarr)):
prefix = prefix * arr[i]
if o= kel
result.append(prefix)
prefix = prefix // arr[i-k+1]
return result

of_subarrays(arr, k):

2. Problem: Given an array of integers, find the longest subarray with a product less than or equal to a given target.
Solution:

3. Problem: Given an array of integers, find the smallest k such that the product of all the elements in the prefix of the array is equal to
the product of all the elements in the suffix of the array.
Solution:

## Python3 code to solve the original problem:
Explanation of the solutior

- Initialize prefix and suffix variables to 1, and k to -1.

- Calculate the product of all the elements in the sequence using the prefix product algorithm.
- Iterate through the sequence from right to left.
- Update the prefix and suffix variables.
- If the prefix is equal to the suffix, update k to the current index.
- Print the value of k.
t = int(input())
for _ in range(t):
n = intCinput())
arr = list(map(int, input().split()))
prefix, suffix =1, 1

for i in range(n):

prefix = prefix * arr[i]
for i in range(n-1, 0, -1):
prefix // arr[i]
suffix * arr[i]
suffix:

if prefix
k=i
print(k)
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Example: Codeforces (solving the initial problem)

## Python3 code to solve the original problem:
Explanation of the solution:
- Initialize prefix and suffix variables to 1, and k to -1.
- Calculate the product of all the elements in the sequence using the prefix product algorithm.
- Iterate through the sequence from right to left.
- Update the prefix and suffix variables.
- If the prefix is equal to the suffix, update k to the current index.
- Print the value of k.

t = int(input())
for _ in range(t):
n = int{input())
arr = list(map(int, input().split()))
prefix, suffix =1, 1
k = -1
for i in range(n):
prefix = prefix * arr[i]
for i in range(n-1, @, -1):
prefix = prefix // arr[i]
suffix = suffix * arr[i]
if prefix == suffix:
k=1
print(k)
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Result overview

o Analogical prompting outperforms 0-shot CoT and manual few-shot CoT

Math problems Code generation Temporal reasoning

(GSMBK, text-davinci-003) (Codeforces, GPT3.5 turbo) (BIG-Bench, GPT3.5 turbo)
61.0%
54.0% 57.6%
50.3%
15% 40.4%

0-shot  0-shot Few-shot This 0-shot  0-shot This 0-shot  0-shot This

CoT CoT work CoT work CoT work

(Kojima+22)  (Wei+22) (Kojima+22) (Kojima+22)
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Stronger LLMs are better analogical reasoners

" (+— scale down) (scale up —)
Prompting Method text-curie-001  text-davinci-001  text-davinci-002 text-davinci-003
0-shot 2% 6% 13% 14%
0-shot CoT 2% 6% 22% 50%
5-shot (fixed) CoT 2% 10% 43% 54%
5-shot retrieved CoT 3% 11% 47% 57%
Ours: Self-generated Exemplars 2% 9% 48 % 61%

Weaker LLMs benefit less from analogical prompting — but it does not hurt zero-shot performance.

With stronger LLMs, analogical prompting outperforms CoT with manually-designed or retrieved exemplars.
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Which instructions work for CoT generation?

No. Category Template Accuracy
1 instructive  Let’s think step by step. 78.7
2 First, i 77.3
3 Let’s think about this logically. 74.5
4 Let’s solve this problem by splitting it into steps. [JJJjj 72.2
5 Let’s be realistic and think step by step. 70.8
6 Let’s think like a detective step by step. 70.3
7 Let’s think 57.5
8 Before we dive into the answer, 55.7
9 The answer is after the proof. 45.7
10  misleading Don’t think. Just feel. 18.8
11 Let’s think step by step but reach an incorrect answer. 18.7
12 Let’s count the number of "a" in the question. 16.7
13 By using the fact that the earth is round, 9.3
14  irrelevant By the way, I found a good restaurant nearby. 17.5
15 Abrakadabra! 15.5
16 It’s a beautiful day. 13.1
- (Zero-shot) 17.7

Kojima et al. 2022

Current LLMs are sensitive to prompt design.

There is no clear principle for writing optimal
prompts.

How to reduce the manual work for writing
prompts?
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Large language models for prompt engineering

J Keep the high score candidates x Discard the low score candidates * Final selected prompt with highest score
LLMs as Inference Models }\ 1 LLMs as Scoring Models
Professor Smith was given the Instruction: write the antonym of the
following instructions: <INSERT> word. <LIKELTHOOD>
. - - LN
Here are the Professor’s responses: \InputA direct Output )
# Demostration Start . ﬁ Log @
Scorin e
Input: prove Output: disprove Pro:Qosal @ & @ Probability
Input: on Output: off
L B :> write the antonym of the word. 026 |
# D ion E . »
K Sctation ko / give the antonym of the word provided. -0.28 I
[Optional| High Score reverse the input. 086 | X
LLMs as Resampling Models C
. . <:I to reverse the order of the letters -1.08 | X
Generate a variation of the following
instruction while keeping the semantic @
meaning. Similar write the opposite of the word given. -0.16 *
Candi
Input: write the antonym of the word. |::>
Output: <COMPLETE> list antonyms for the given word. -0.39

Proposal generation: leverage the LLM to generate initial instructions. Scoring: score each instruction by prediction
correctness on a small set of problems.

Zhou et al., ICLR 2023
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Going further: LLM as the optimizer to iteratively improve the prompt

objective function

evaluator

generated
solutions v

return top solutions
when finish

A

A

SCOres

meta-prompt

LLM as
optimizer

solution-score pairs

task description

Core idea: instruct the LLM to leverage the past optimization trajectory.

Optimizer: LLM proposes a new instruction. Evaluator: LLM evaluates accuracy.

Yang et al., LLMs as Optimizers, ICLR 2024
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Meta-prompt for prompt optimization

The meta-prompt shows the LLM past instructions & their scores, sorted ascending, then asks for a new one.
Past instructions & accuracies: e.g. | Let’s figure it out! |- 61-|Let’s solve the problem. - 63.
Exemplars: input Q—A pairs with | <INS> | as a placeholder for the new instruction.

Prompt goal: “Write your new text that is different from the old ones and has a score as high as possible.”
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Results on GSM8K

Table 1: Top instructions with the highest GSM8K zero-shot test accuracies from prompt optimization
with different optimizer LLMs. All results use the pre-trained PaLM 2-L as the scorer.

Source Instruction Acc
BEEEIEN | e e e e e e
(Kojima et al., 2022) Let’s think step by step. 71.8
(Zhou et al., 2022b) Let’s work this out in a step by step way to be sure we have the right answer. ~ 58.8

(empty string) 34.0

OO U S USSP U
PalM 2-L-IT Take a deep breath and work on this problem step-by-step. 80.2
PalM 2-L Break this down. 79.9

gpt-3.5-turbo A little bit of arithmetic and a logical approach will help us quickly arrive at ~ 78.5
the solution to this problem.
gpt-4 Let’s combine our numerical command and clear thinking to quickly and 74.5
accurately decipher the answer.

Initial: | Let’s solve the problem. |at 60.8%. Best LLM-generated prompt outperforms | Let’s think step by step by ~8%,
matching few-shot CoT (80.7%).
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Summary — Part 1

CoT generation: variable computation adapting to different difficulty levels.
How to improve CoT at inference time:

- Few-shot prompting with labeled thoughts

- Instruction prompting to trigger CoT

- Instruct the LLM to automate prompt design

Principles that hold: encourage longer CoT for complex tasks; support reasoning strategies required for the task.
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Outline

PART 1 Introduction to basic prompting techniques

Search and selection from multiple candidates

Increase the width to explore the solution space
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What is missing so far?

We should not limit the LLM to generate only one solution per problem!
Exploring multiple branches allows the LLM to recover from mistakes in a single generation.
Generate multiple candidate solutions per problem, or multiple next steps given the current partial thought.

Challenge: how to select the best response from multiple candidates? In most cases we have no oracle scorer at
inference time.
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Self-Consistency: select the response with the most consistent final answer

Chain-of-thought
prompting

Self-consistency

/Q: If there are 3 cars in the parking \

lot and 2 more cars arrive, how many
cars are in the parking lot?

A: There are 3 cars in the parking lot
already. 2 more arrive. Now there are
3 +2 =5 cars. The answer is 5.

Q: Janet's ducks lay 16 eggs per day.
She eats three for breakfast every
morning and bakes muffins for her
friends every day with four. She sells
the remainder for $2 per egg. How
much does she make every day?

A:

Greedy decode

This means she uses 3 + 4 = 7 eggs every day.
She sells the remainder for $2 per egg, so in
total she sells 7 * $2 = $14 per day.

The answer is $14.

Language
mode

Sample a diverse set of
reasoning paths

-
She has 16 - 3 -4 =9 eggs I
left. So she makes $2*9 = | The answer is $18.
$18 per day. |

_
| )

This means she she sells the
remainder for $2 * (16 - 4 - 3). The answer is $26.
= $26 per day. I

Language
model

J
She eats 3 for breakfast, so | )
she has 16 - 3 = 13 left. Then |
she bakes muffins, so she I The answer is $18.
has 13 - 4 = 9 eggs left. So

The answer is $14. ]

Marginalize out reasoning paths
to aggregate final answers

The answer is $18. J

she has 9 eggs * $2=$18. |

Selection is based only on the final answer — reasoning paths can differ across sampled responses.

Wang et al., Self-Consistency, ICLR 2023
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Self-Consistency boosts performance across models and benchmarks

Method AddSub  MultiArith ASDiv.~ AQuA SVAMP  GSMSK
Previous SoTA  94.9° 60.5° 5.3 37.9° 57.4¢ 35° /559
UL2-20B CoT-prompting 18.2 10.7 16.9 23.6 12.6 4.1
Self-consistency 24.8 (+6.6) 15.0 (+4.3) 21.5 (+4.6) 26.9 (+3.3) 19.4 (+6.8) 7.3 (+3.2)
) CoT-prompting 52.9 51.8 49.0 17.7 38.9 17.1
LMD 157R Self-consistency 63.5 (+10.6) 75.7 (+23.9) 58.2 (+9.2) 26.8 (+9.1) 53.3 (+144) 27.7 (+10.6)
Pal.M-540B CoT-prompting 91.9 94.7 74.0 35.8 79.0 56.5
Self-consistency 93.7 (+1.8) 99.3 (+4.6) 81.9 (+7.9) 48.3 (+12.5) 86.6 (+7.6) T4.4 (+17.9)
GPT-3 CoT-prompting 57.2 59.5 2.7 18.9 39.8 14.6
Code-davinci-001 ~Self-consistency 67.8 (+10.6) 82.7 (+23.2) 61.9 (+9.2) 25.6 (+6.7) 54.5 (+14.7) 23.4 (+8.8)
GPT-3 CoT-prompting 89.4 96.2 80.1 39.8 75.8 60.1

Code-davinci-002 Self-consistency 91.6 (+22) 100.0 (+3.8) 87.8 (+7.6) 52.0 (+12.2) 86.8 (+11.0) 78.0 (+17.9)

Consistent improvements across GSM8K, SVAMP, AQuA and others — for PaLM, GPT-3, UL2, Codex.
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Self-Consistency performance scales with more samples

o GSM8K MultiArith - ARC (Challenge)

22 S X 50

5 20 >70 >45

O 18 (& O

516 P p 560 P o S -~ Self Consistency (Multi-path)

O14 Y55 g 35 - Sample & Rank (Multi-path)

<< 12 < 50 < 30 ~@®- Greedy Decode (Single-path)
0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40 0 5 10 15 20 25 30 35 40
#Sampled Reasoning Paths #Sampled Reasoning Paths #Sampled Reasoning Paths

() Sample-and-Rank baseline: select response with highest log probability.

() Self-Consistency scales much better than probability-based ranking.
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Sampling diverse responses is crucial to self-consistency

Beam search vs. sampling: SC needs diversity (high temperature, nucleus sampling).

GSM8K  MultiArith SVAMP ARC-e ARC-c
CoT (Wei et al., 2022) 17.1 51.8 38.9 75.3 55.1
Ensemble (3 sets of prompts) 186+05 57.1+07 421+06 76.6+01 57.0+02
Ensemble (40 prompt permutations) 192 +£01 609 +02 427 4+01 769+01 57.0+0.1
Self-Consistency (40 sampled paths) 27.7 +02 75.7+03 533 +02 793+03 59.8+02

Beam size / Self-consistency paths 1 5 10 20 40
Beam search decoding (top beam) 23.6 19.3 16.1 15.0 10.2
AQuA Self-consistency using beam search ~ 23.6 19.8 £03 21.24+07 24.6 £04 242 +05
Self-consistency using sampling 19.7 £25 249 +2.6 253 +18 26.7 +1.0 26.9 +05
Beam search decoding (top beam) 10.7 12.0 11.3 11.0 10.5
MultiArith Self-consistency using beam search 10.7 11.8 £00 114401 123 +01 108 0.1

Self-consistency using sampling 95+12 113+12 123+08 13.7 +09 14.7 +03
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Consistency is highly correlated with the accuracy

100 ® ¢0 o0
—_ o ©
X 80 ® e
~ ® ‘..
§ o0 ¢ n: -
é 40 “ o
é:) 20 ..’.O

0 o
0 20 40 60 80 100

Consistency (%)

More agreement across sampled responses - LLM is more certain - aggregated solution is more likely correct.
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Limitation of self-consistency decoding

Chain-of-thought
prompting

Self-consistency

/Q: If there are 3 cars in the parking \

lot and 2 more cars arrive, how many
cars are in the parking lot?

A: There are 3 cars in the parking lot
already. 2 more arrive. Now there are
3 +2 =5 cars. The answer is 5.

Q: Janet's ducks lay 16 eggs per day.
She eats three for breakfast every
morning and bakes muffins for her
friends every day with four. She sells
the remainder for $2 per egg. How
much does she make every day?

A:

Greedy decode

This means she uses 3 + 4 = 7 eggs every day.
She sells the remainder for $2 per egg, so in
total she sells 7 * $2 = $14 per day.

The answer is $14.

Language
model

Sample a diverse set of
reasoning paths

-
She has 16 - 3 -4 =9 eggs I
left. So she makes $2*9 = | The answer is $18.

$18 per day. I

&
| N\
This means she she sells the
remainder for $2 * (16 - 4 - 3). The answer is $26.
= $26 per day. I
Language i _4
model She eats 3 for breakfast, so | )

she has 16 - 3 = 13 left. Then |
she bakes muffins, so she I The answer is $18.

The answer is $14. ]

Marginalize out reasoning paths
to aggregate final answers

The answer is $18. J

has 13 - 4 = 9 eggs left. So
she has 9 eggs * $2=$18. |

Requires an answer extraction process — can we enable consistency-based decoding for free-form generation?

Wang et al., ICLR 2023
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Universal self-consistency: LLM performs consistency-based selection

Universal Self Consistency prompt

Responses

Question

£

I have generated the following responses
to the question {question}
Response 0: {response 0}
Response 1: {response 1}

Select the most consistent response

based on majority consensus.

—>LLM —>

Selected
response

Instead of extracting answers, ask the LLM itself to pick the most consistent response — works for open-ended generation.

Chen* Aksitov* et al.,, 2023
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Universal Self-Consistency results

89.7 90.2 I
617 673 617 906 90 [85.787.8, . g
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1 3 5 8 16 1 3 5 8 16
k k
(a) Results on open-ended generation. (b) Results on GSM8K and BIRD-SQL. The top num-

bers are USC accuracies, and the bottom numbers are
the differences to SC accuracies.

USC improves open-ended generation (summarization, QA) where vanilla SC doesn't apply.

Matches SC on math & coding. No answer extraction, no code execution. Bounded by long-context capability.
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Training LLM rankers: two types of verifiers

Qi

Cobbe et al.,, 2021 - Lightman et al., 2023

questions
solutions

labels

ORM (Outcome RM): verify at the solution level. PRM (Process RM): verify at the step level.

®

Train generator

Generator

@

Generate and label
100 solutions/problem

Generator
St Y
Sz | Y2
Qi
[ N N J
§100 B> Y100

®

Train Verifier

Verifier
Q| S|y
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Strong LLM-based verifiers outperform consistency-based selection

ORM | PRM | Majority Voting
% Solved (Best-of-1860) | 72.4 78.2 69.6

78

o ~ ~ N ~
® =) N N >

% Problems Solved (Best-of-N)

o
o

3
kY

——— Process-Supervised RM
—— Outcome-Supervised RM
—— Majority Voting

o
I}

10! 102 10°
N = number of solutions per problem

PRM scales better with more samples than ORM or consistency voting.

Highly dependent on verifier quality — the same verifier may not generalize across tasks.

Lightman et al., 2023
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So far: response selection after full responses are generated

0| | il
l...i..l l...l...l l..l....| E }

Y Majority vote

(a) Input-Output (c) Chain of Thought  (c) Self Consistency

Prompting (1Q) Prompting (CoT) with CoT (CoT-SC) (d) Tree of Thoughts (ToT)

Does not fully utilize a step-wise scorer — LLM + tree search prioritizes promising partial solutions.

Yao et al., Tree of Thoughts, NeurlPS 2023
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Tree-of-thought example: Game of 24

Input: 491013

10-4=6 | 4+9=13

(efe6913) | (eft101313) |

13-6=7 13-9=4 \

(lefe: 79) (left: 4 6)

‘/l\>

4+6=10 4*6=24

(left: 10) (left: 24)

() Thought generation: prompt the LLM to propose next thinking steps.

p

(a) Propose Prompt

{one example}
Input: 491013
Possible next steps:

(b) Value Prompt

Evaluate if given numbers can
reach 24 (sure/likely/impossible)
1014:10 +14 = 24. sure

{more examples}

101313

Thought Generation

4+ 9-13(efc 1013 13)
10-4=6(left: 6913)
{..more lines..}

Thought Evaluation

(13-10)*13=3*13=39

10 +13 +13 = 36 There is no way
to obtain 24 with these big
numbers. impossible

() Thought evaluation: prompt the LLM to score how promising the current state is.



Voting-based state evaluation

Write a coherent passage of 4 short paragraphs. The end sentence of each paragraph must be; 1. It isn't
(a) difficult to do a handstand if you just stand on your hands. 2. It caught him off guard that space smelled of
Input seared steak. 3. When she didn't like a guy who was trying to pick her up, she started using sign language. 4.

Each person who knows you has a different perception of who you are.

: Input : Plan 1 Plan 2 Plan 3-5
| | 1. Introduce and explain the technigue 1. Introduction to an unusual self-help book,
| /I'\\ 1 (b) of doing a handstand 2. Switch to a mentioning a handstand as a metaphor for
| | Plans story about an astronaut's first time in embracing challenges. 2. Discuss the unexpected 1.
IPlan1 Plan2 ... I space 3. Describe a situation where a things learned from astronauts, including the smell of 2.
b e e = = == ] woman uses sign language to avoid space. 3. Describe a woman's clever tactic for avoiding
A unwanted attention 4. The final unwanted attention at a bar. 4. Contemplate how
paragraph explains how everyone has different perceptions of oneself can shape one's |-
Passage Passage different perceptions of others identity.
(C) Analyzing each choice in detail: Choice 1, while incorporating the required end sentences, seems to lack a
Votes clear connection between the paragraphs {..} Choice 2 offers an interesting perspective by using the
required end sentences to present a self-help book's content. It connects the paragraphs with the theme of

self-improvement and embracing challenges, making for a coherent passage. {..} The best choice is 2.

LLM selects the best state among candidates by voting multiple times; majority vote becomes the final choice.
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Tree-of-thought results: Game of 24

ToT + BFS scales better than standard prompting and CoT w.r.t. token budget.

Method Success
IO prompt 7.3%
CoT prompt 4.0%
CoT-SC k=100 9.0%
ToT (ours) (b=1) 45%
ToT (ours) (b=5) 74 %

(a) Success rate with nodes visited

0.6
0.4
/
—— 10 (best of k)
0.2
// CoT (best of k)
-==- ToT (b=1...5)

0 25 50 75 100

45 / 56



Can we reshape the model’s output distribution?

So that thoughtful responses naturally rank 1st?
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Supervised Finetuning (SFT)

STEP 1 Collect problems and their step-by-step solutions from human annotators.
STEP 2 Maximize the likelihood of human solutions.
APPLY Then apply the model everywhere.

Ling et al., 2017 - Cobbe et al., 2021 - Nye et al., 2021
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Supervised Finetuning (SFT) — in practice

Training data: hand-annotated problem - rationale — answer triples.
Example A — last letter of “artificial intelligence": rationale walks through each word's last letter - “le".
Example B — Elsa has 3 apples... rationale walks through addition - 8.

Finetune the LLM on those pairs, then apply to a test problem (e.g. “How many ‘r’s in ‘strawberry’?”).
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Pros and Cons of SFT

Generic.

Does not generalize well. /I

Scaling does not help much. /- I
Don’t scale

blindly
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How to fix the generalization failure from SFT?

Recall the SFT procedure — what should we change?

STEP 1 Collect problems and their step-by-step solutions from human annotators.

STEP 2 Maximize the likelihood of human solutions.
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RL Finetuning

Repeat this process:

STEP 1 Collect problems and their step-by-step solutions generated from the model.

STEP 2 Maximize the likelihood of correct solutions.

Luong et al., ReFT: Reasoning with Reinforced Finetuning, 2024
51 / 56



RL Finetuning — full form

Repeat this process:

STEP 1 Collect problems and their step-by-step solutions generated from the model.

STEP 2 Maximize the likelihood of correct solutions, minimize the likelihood of wrong solutions.

Luong et al., 2024
52 / 56



Why “generated from the model” instead of “from humans"?

First principle in ML:

Directly optimize what we want!
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So what do we want to optimize here?

Optimize "generation quality”!
Examples of quality measurement: correctness for solving math problems; BLEU score for machine translation; ...

All the rest is to compute gradients [ backpropagation.
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So what do we want to optimize here?

max E[r(response|problem, )]
RL finetuning 0

. . easuring the quality of a response
= Optimize it by gradient ascent " IMeASUTINgG quatty respon

6 model parameters
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Summary — Part 2

We can scale inference-time compute by sampling multiple branches in the solution space.

Consistency-based selection: simple, effective, and general.
- Self-Consistency — marginalize over reasoning paths, select by final answer.
- Code generation — reranking based on execution consistency.

When LLM self-evaluation works well, search in the partial solution space can help.
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