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Announcements
• A3 due today

• A4 will be released later today 

• Guest lecture next Tue (April 7): Lei Li (CMU). Zoom only



Transformer models as universal architecture

Slide credit: Lei Li



Why we need systems optimization? 
LLMs are expensive 

Slide credit: Lei Li



Overview

• (All) Transformer math you need to know 

• GPU basics 

• Training systems



Transformer architecture

From the bottom to the top:

• Input embedding

• Positional encoding

• A stack of Transformer encoder layers

Transformer encoder is a stack of  layers, which 
consists of two sub-layers:

• Multi-head attention layer

• Feed-forward layer

N

x1, …, xn ∈ ℝd1 h1, …, hn ∈ ℝd2



Self-attention

<latexit sha1_base64="Zj1Owf2jr65GlRqNMJIdIlsAOuc=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YvHFmy70K4lm2bb0GyyJlmhLP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/0NIyVYQ2ieRS+SHWlDNBm4YZTv1EURyHnLbD0e3Ubz9RpZkU92ac0CDGA8EiRrCxkt9A18hvPzR65YpbdWdAy8TLSQVy1Hvlr25fkjSmwhCOte54bmKCDCvDCKeTUjfVNMFkhAe0Y6nAMdVBNrt3gk6s0keRVLaEQTP190SGY63HcWg7Y2yGetGbiv95ndREV0HGRJIaKsh8UZRyZCSaPo/6TFFi+NgSTBSztyIyxAoTYyMq2RC8xZeXSeus6l1U3cZ5pXaTx1GEIziGU/DgEmpwB3VoAgEOz/AKb86j8+K8Ox/z1oKTzxzCHzifP4YNjvs=</latexit>

Q = XWQ
<latexit sha1_base64="O/Xdn2nZwVqugGAVDtC02kvexhg=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8lV0R9SIUvQi9VLDtQruWbJptQ7PZNckKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz84JEcG0c5xstLa+srq0XNoqbW9s7u6W9/aaOU0VZg8YiVl5ANBNcsobhRjAvUYxEgWCtYHgz8VtPTGkey3szSpgfkb7kIafEWMmr4SvstR5q3VLZqThT4EXi5qQMOerd0lenF9M0YtJQQbRuu05i/Iwow6lg42In1SwhdEj6rG2pJBHTfja9d4yPrdLDYaxsSYOn6u+JjERaj6LAdkbEDPS8NxH/89qpCS/9jMskNUzS2aIwFdjEePI87nHFqBEjSwhV3N6K6YAoQo2NqGhDcOdfXiTN04p7XnHuzsrV6zyOAhzCEZyACxdQhVuoQwMoCHiGV3hDj+gFvaOPWesSymcO4A/Q5w9zs47v</latexit>

K = XWK
<latexit sha1_base64="sG8GlMJZBZitk452XyeL5flQu3E=">AAAB73icbVBNS8NAEJ31s9avqkcvi0XwVBIR9SIUvXisYNNAG8tmu2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmhang2jjON1paXlldWy9tlDe3tnd2K3v7nk4yRVmTJiJRfkg0E1yypuFGMD9VjMShYK1weDPxW09MaZ7IezNKWRCTvuQRp8RYyffwFfZbD163UnVqzhR4kbgFqUKBRrfy1eklNIuZNFQQrduuk5ogJ8pwKti43Mk0Swkdkj5rWypJzHSQT+8d42Or9HCUKFvS4Kn6eyInsdajOLSdMTEDPe9NxP+8dmaiyyDnMs0Mk3S2KMoENgmePI97XDFqxMgSQhW3t2I6IIpQYyMq2xDc+ZcXiXdac89rzt1ZtX5dxFGCQziCE3DhAupwCw1oAgUBz/AKb+gRvaB39DFrXULFzAH8Afr8AZVYjwU=</latexit>

V = XWV

<latexit sha1_base64="3hpkACiEsnTq9V8xZyF4kDLhfjI=">AAACVnicfVFNS8NAFNyk1tb6FfXoZbEIHqQkIuqx6EXw0or9gKYNm822XbrZxN1NoYT8Sb3oT/EibtoetJU+WBhm5vHem/VjRqWy7U/DLGwVt0vlncru3v7BoXV03JZRIjBp4YhFousjSRjlpKWoYqQbC4JCn5GOP3nI9c6UCEkj/qJmMemHaMTpkGKkNOVZYWfQhC7l0A2RGvt++pwN0sBzoKtoSCQMvNfsEnYGT5tNk7mpvdk0zTyratfsecF14CxBFSyr4VlvbhDhJCRcYYak7Dl2rPopEopiRrKKm0gSIzxBI9LTkCM9qZ/OY8nguWYCOIyEflzBOfu7I0WhlLPQ1858Zbmq5eR/Wi9Rw7t+SnmcKMLxYtAwYVBFMM8YBlQQrNhMA4QF1btCPEYCYaV/oqJDcFZPXgftq5pzU7Ob19X6/TKOMjgFZ+ACOOAW1MEjaIAWwOAdfBmmUTA+jG+zaJYWVtNY9pyAP2VaPwgqsug=</latexit>

WQ 2 Rd1⇥dq ,WK 2 Rd1⇥dk ,WV 2 Rd1⇥dv

n × dq dk × n

n × dv

https://jalammar.github.io/illustrated-transformer/

<latexit sha1_base64="lJ+lO70n0wRX2txfd4buosOQRUs=">AAACCHicbVC7TsMwFL3hWcqrwMiARYXEVCUIAWMFC2NB9CE1IXIcp7XqOJHtIFVRRhZ+hYUBhFj5BDb+BvcxQMuRLB2fc6/uvSdIOVPatr+thcWl5ZXV0lp5fWNza7uys9tSSSYJbZKEJ7ITYEU5E7Spmea0k0qK44DTdjC4GvntByoVS8SdHqbUi3FPsIgRrI3kVw46yGUCuTHW/SDIb4v73Pw0i6lCoe8UfqVq1+wx0DxxpqQKUzT8ypcbJiSLqdCEY6W6jp1qL8dSM8JpUXYzRVNMBrhHu4YKbCZ5+fiQAh0ZJURRIs0TGo3V3x05jpUaxoGpHC2sZr2R+J/XzXR04eVMpJmmgkwGRRlHOkGjVFDIJCWaDw3BRDKzKyJ9LDHRJruyCcGZPXmetE5qzlnNvjmt1i+ncZRgHw7hGBw4hzpcQwOaQOARnuEV3qwn68V6tz4mpQvWtGcP/sD6/AHXfpk7</latexit>

X 2 Rn⇥d1 (n = input length)

H



Feed-forward Network (MLP)

• There are no elementwise nonlinearities in self-attention; stacking 
more self-attention layers just re-averages value vectors

• Simple fix: add a feed-forward network to 
post-process each output vector

In practice, they use 
<latexit sha1_base64="ohFcH4qYogJBjPoAdbLPZQemgcg=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GjJ9dyEU3bisYGuhHUomk2lDM5khyQhl6G+4caGIW3/GnX9jpq2gogcuHM65l3vv8WLOlEbow8qtrW9sbuW3Czu7e/sHxcOjnooSSWiXRDySfQ8rypmgXc00p/1YUhx6nN5506vMv7unUrFI3OpZTN0QjwULGMHaSEN/lAbBHF7AKvRHxRKyUb3WqiCI7BpyGq2WIQjVm5UydAzJUAIrdEbF96EfkSSkQhOOlRo4KNZuiqVmhNN5YZgoGmMyxWM6MFTgkCo3Xdw8h2dG8WEQSVNCw4X6fSLFoVKz0DOdIdYT9dvLxL+8QaKDppsyESeaCrJcFCQc6ghmAUCfSUo0nxmCiWTmVkgmWGKiTUwFE8LXp/B/0ivbTt1GN9VS+3IVRx6cgFNwDhzQAG1wDTqgCwiIwQN4As9WYj1aL9brsjVnrWaOwQ9Yb5/y85D8</latexit>

dff = 4d

<latexit sha1_base64="38voaT3f3jjVz1xUxooqtq2gnm4=">AAACOHicbVDLSsNAFJ3UV62vqEs3g0VwISUpRV0W3bizin1AU8NkMmmHTiZhZiKUkM9y42e4EzcuFHHrFzhpK2jbAwOHc85l7j1ezKhUlvViFJaWV1bXiuuljc2t7R1zd68lo0Rg0sQRi0THQ5IwyklTUcVIJxYEhR4jbW94mfvtByIkjfidGsWkF6I+pwHFSGnJNa+dEKmBF6TtzK1Ch3I4Ebz0NrtPfTcNggw6ioZEQj87gb9xb2E8K7lm2apYY8B5Yk9JGUzRcM1nx49wEhKuMENSdm0rVr0UCUUxI1nJSSSJER6iPulqypHepJeOD8/gkVZ8GERCP67gWP07kaJQylHo6WS+ppz1cnGR101UcN5LKY8TRTiefBQkDKoI5i1CnwqCFRtpgrCgeleIB0ggrHTXeQn27MnzpFWt2KeV2k2tXL+Y1lEEB+AQHAMbnIE6uAIN0AQYPIJX8A4+jCfjzfg0vibRgjGd2Qf/YHz/AE7KrU4=</latexit>

W2 2 Rdff⇥d,b2 2 Rd

<latexit sha1_base64="+rL5lt69DtAHmr1latv+R9+czGw=">AAACPHicbVBLS8NAGNz4rPVV9ehlsQgepCRS1GPRi8f66AOaGDabTbt0swm7G6GE/DAv/ghvnrx4UMSrZzdNBW07sDDMzMd+33gxo1KZ5ouxsLi0vLJaWiuvb2xubVd2dtsySgQmLRyxSHQ9JAmjnLQUVYx0Y0FQ6DHS8YaXud95IELSiN+pUUycEPU5DShGSktu5dYOkRp4QdrJXAvalMNC8NKb7D71oa1oSCT03TQIsuwY/sa9ufEi5VaqZs0cA84Sa0KqYIKmW3m2/QgnIeEKMyRlzzJj5aRIKIoZycp2IkmM8BD1SU9TjvRKTjo+PoOHWvFhEAn9uIJj9e9EikIpR6Gnk/mqctrLxXleL1HBuZNSHieKcFx8FCQMqgjmTUKfCoIVG2mCsKB6V4gHSCCsdN9lXYI1ffIsaZ/UrNNa/bpebVxM6iiBfXAAjoAFzkADXIEmaAEMHsEreAcfxpPxZnwaX0V0wZjM7IF/ML5/AIYzr40=</latexit>

W1 2 Rd⇥dff ,b1 2 Rdff

<latexit sha1_base64="j8dj7l7ZQhSpH/ek5k2EPXzvgiA="></latexit>

FFN(xi) = ReLU(xiW1 + b1)W2 + b2

This is actually where the majority of the compute and parameters go!



Residual connection & layer normalization
Add & Norm:

Residual connections (He et al., 2016)

Instead of  (  represents the layer)X(i) = Layer(X(i−1)) i

We let , so we only need to learn “the 
residual” from the previous layer

X(i) = X(i−1) + Layer(X(i−1))

Gradient through the residual connection is 1 - good for propagating information through layers

Residual connection unlocks deep networks!



Residual connection & layer normalization
Add & Norm:

Layer normalization (Ba et al., 2016) helps train model faster

Idea: normalize the hidden vector values to unit mean and stand deviation within each layer

 are learnable parametersγ, β ∈ ℝd

LayerNorm is crucial for stable training with deep networks



Transformer Math: Parameters

• Embed dim D, number of layers L, vocab size V, context length N 

• MHA layer:   (  for QKV projection,  for output projection) 

• FFN layer:  
 

,   
Typically  

• Embedding and LM head:  each


• Total:  if shared embedding,  if not shared 

4D2 3D2 D2

8D2

FFN(xi) = W2ϕ(W1xi + b1) + b2
W1 ∈ ℝd×dff W2 ∈ ℝdff×d

dff = 4d

DV

12LD2 + DV 12LD2 + 2DV



Transformer Math: Matrix Multiply

• Matmul size (N x P) @ (P x M) has 2MNP FLOPS

• Per input vector, each weight matrix size N x P has 2NP FLOPS 

• Forward pass FLOPS per input vector: 2 x no. (non-embedding) params

https://jax-ml.github.io/scaling-book/transformers/



Transformer Math: Forward and Backward FLOPS

• Forward:  

• Backward:  
Weight gradient       
Activation gradient  
Twice the FLOPS of forward 

A = W X

dW = dA XT

dX = WT dA

• Forward + backward FLOPS per input vector: 6 x no. (non-embedding) params



Transformer Math: Attention FLOPS

• Forward, for input length N:    (  for ,  for ) 
N: context length, D: model dimension 
Per input vector:  

• Backward: 2x forward  

4N2D 2N2D QKT 2N2D PV

4ND

• Forward + backward FLOPS per input vector: 12LND 
L: number of layers

• For causal attention: only compute half the entries -> 6LND 
Convention varies on how to count  
(should it be 12LND, 6LND, or even 7LND due to recompute in the backward pass?)



Transformer Math: Total FLOPS

• Forward + backward FLOPS per input vector:  
6 x no. (non-embedding) params + 12LND 
 
L layers, context length N, model dim D

• Typically approximated as: 6 x no. (non-embedding) params 
when context length is not too long

• Total FLOPS when trained on T tokens:  x no. (non-embedding) params x no. tokens≈ 6



Overview

• (All) Transformer math you need to know 

• GPU basics 

• Training systems



Hardware

BF16 Dense: 
 989 TFLOPS



Background: GPU Compute model



Roofline model



How long does it take to train a model?

• Model FLOPS utilization (MFU)  
MFU = Model FLOPS per sec / theoretical max TFLOPS per sec 

• Typical MFU: 30-50% (e.g. 300-500 TFLOPS/sec per H100) 

• Why: memory-bandwidth bound operations, communication, power-throttling

• E.g., how many H100 hours does it take to train a X billion model to Y trillion 
tokens?  

 * X * Y FLOPS / (  *  * 3600 sec)≈ 6 109 1012 400 1012



How long does it take to train a Llama?

• How many H100 hours does it take to train a X billion model to Y trillion tokens?  
 * X * Y FLOPS / (  * 3600 sec)≈ 6 109 1012 400 * 1012

• E.g., Llama-3: 405B, 15T tokens

 * 405e9 * 15e12 / (400e12 * 3600) 
= 25.3M hours = 66 days on 16K H100 
≈ 6



Overview

• (All) Transformer math you need to know 

• GPU basics 

• Training systems



Training: Mixed Precision

BF16 Dense: 
 989 TFLOPS

BF16/FP16 FLOPS are much higher than FP32!



Training: Automatic Mixed Precision

Done automatically if you use PyTorch AMP



Distributed Training: Communication 
AllReduce

Slide credit: Lei Li



Distributed Training: Communication 
ReduceScatter

Slide credit: Lei Li



Distributed Training: Communication 
AllGather

Slide credit: Lei Li



Distributed Training: Data Parallel

PyTorch calls this Distributed Data Parallel (DDP)
Slide credit: Lei Li



Distributed Training:  
Zero Redundancy Optimizer (ZeRO)

PyTorch: Fully Sharded Data Parallel (FSDP)



Distributed Training:  
Zero Redundancy Optimizer (ZeRO)

PyTorch: Fully Sharded Data Parallel (FSDP)



Distributed Training:  
Zero Redundancy Optimizer (ZeRO)

PyTorch: Fully Sharded Data Parallel (FSDP)



Distributed Training:  
Zero Redundancy Optimizer (ZeRO)

PyTorch: Fully Sharded Data Parallel (FSDP)



Distributed Training: Tensor Parallel



Distributed Training: Tensor Parallel

Shoeybi et al. Megatron-LM: Training Multi-Billion Parameter Language Models Using Model Parallelism



Distributed Training: Expert Parallel for 
Mixture-of-Experts


