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Announcements

• Final project: Princeton AI sandbox - access to LLM through chat interface & API 
1 account per group 
https://researchcomputing.princeton.edu/support/knowledge-base/ai-sandbox

• Final project compute cost reimbursement: $60 per group, details in Ed post



Self-attention
A self-attention layer maps a sequence of input vectors   to a 
sequence of n vectors: 

x1, …, xn ∈ ℝd1

h1, …, hn ∈ ℝd2

Step #1: Transform each input vector into three vectors: query, key, and value vectors 

qi = xiWQ ∈ ℝdq

WQ ∈ ℝd1×dq

ki = xiWK ∈ ℝdk

WK ∈ ℝd1×dk

vi = xiWV ∈ ℝdv

WV ∈ ℝd1×dv

Step #2: Compute pairwise similarities between keys and queries; normalize with softmax
For each , compute attention scores and attention distribution:qi

<latexit sha1_base64="cmmeTp3ErU9O/X5+lT4Le9oHrCc="></latexit>

ei,j =
qi · kjp

dk
, 8j = 1, . . . , n

<latexit sha1_base64="q3pHoDq3gyEd3d7BpDL1Ju4M8Ps=">AAACHnicbVDLSgMxFM34rPU16tJNsAh1U2akPjZC0Y3LCvYBbRnupJk2NJkZkoxYhvkSN/6KGxeKCK70b0wfgrYeCBzOOZfce/yYM6Ud58taWFxaXlnNreXXNza3tu2d3bqKEklojUQ8kk0fFOUspDXNNKfNWFIQPqcNf3A18ht3VCoWhbd6GNOOgF7IAkZAG8mzT9oCdN8P0jbwuA+Zl7IMX2A8lqVIVRRoAfdZ8SdHM48deXbBKTlj4HniTkkBTVH17I92NyKJoKEmHJRquU6sOylIzQinWb6dKBoDGUCPtgwNQVDVScfnZfjQKF0cRNK8UOOx+nsiBaHUUPgmOVpSzXoj8T+vlejgvJOyME40DcnkoyDhWEd41BXuMkmJ5kNDgEhmdsWkDxKINo3mTQnu7MnzpH5cck9L5ZtyoXI5rSOH9tEBKiIXnaEKukZVVEMEPaAn9IJerUfr2Xqz3ifRBWs6s4f+wPr8BqNbo24=</latexit>

↵i = softmax(ei)
<latexit sha1_base64="hoAG0AG1cDSDmaTn6mlJNYXNCxQ="></latexit>

↵i,j =
exp(ei,j)Pn
k=1 exp(ei,k)



Transformer encoder: let’s put things together

From the bottom to the top:

• Input embedding

• Positional encoding

• A stack of Transformer encoder layers

Transformer encoder is a stack of  layers, which 
consists of two sub-layers:

• Multi-head attention layer

• Feed-forward layer

N

x1, …, xn ∈ ℝd1 h1, …, hn ∈ ℝd2



Transformer decoder
From the bottom to the top:

• Output embedding

• Positional encoding

• A stack of Transformer decoder layers

• Linear + softmax

Transformer decoder is a stack of  layers, which 
consists of three sub-layers:

• Masked multi-head attention

• Multi-head cross-attention

• Feed-forward layer

• (W/ Add & Norm between sub-layers)

N

Self-attention 
within target 

sequence

Cross-attention 
between source 

and target sequence



Masked (casual) self-attention

• Key: You can’t see the future text for the decoder!

• Solution: for every     , only attend to 
<latexit sha1_base64="6+VM45NUukJwFY7v2OnklHqKEbQ=">AAACE3icbVDLSsNAFJ3UV62vqEs3g0WoUkoioi6LblxWsA9oQphMJ+20k4czk0IJ+Qc3/oobF4q4dePOv3HSRtDWAwPnnnMvc+9xI0aFNIwvrbC0vLK6VlwvbWxube/ou3stEcYckyYOWcg7LhKE0YA0JZWMdCJOkO8y0nZH15nfHhMuaBjcyUlEbB/1A+pRjKSSHP3ESiqWj+TA9ZJR6gyr8Kcaq+rYSqtwCC1G7iF19LJRM6aAi8TMSRnkaDj6p9ULceyTQGKGhOiaRiTtBHFJMSNpyYoFiRAeoT7pKhognwg7md6UwiOl9KAXcvUCCafq74kE+UJMfFd1ZguLeS8T//O6sfQu7YQGUSxJgGcfeTGDMoRZQLBHOcGSTRRBmFO1K8QDxBGWKsaSCsGcP3mRtE5r5nnNuD0r16/yOIrgAByCCjDBBaiDG9AATYDBA3gCL+BVe9SetTftfdZa0PKZffAH2sc3DC2dnQ==</latexit>

{(kj ,vj)}, j  i<latexit sha1_base64="hxP9De/8ISmOIjhPxpEmaQphpM0=">AAAB83icbVBNS8NAFHypX7V+VT16WSyCp5KIqMeiF48VbC00oWy2m3bpZhN3X4QS+je8eFDEq3/Gm//GbZuDtg4sDDPv8WYnTKUw6LrfTmlldW19o7xZ2dre2d2r7h+0TZJpxlsskYnuhNRwKRRvoUDJO6nmNA4lfwhHN1P/4YlrIxJ1j+OUBzEdKBEJRtFKvh9THIZR/jjpiV615tbdGcgy8QpSgwLNXvXL7ycsi7lCJqkxXc9NMcipRsEkn1T8zPCUshEd8K6lisbcBPks84ScWKVPokTbp5DM1N8bOY2NGcehnZxmNIveVPzP62YYXQW5UGmGXLH5oSiTBBMyLYD0heYM5dgSyrSwWQkbUk0Z2poqtgRv8cvLpH1W9y7q7t15rXFd1FGGIziGU/DgEhpwC01oAYMUnuEV3pzMeXHenY/5aMkpdg7hD5zPH3Y1kfY=</latexit>qi

https://jalammar.github.io/illustrated-gpt2/

How to implement this? Masking!



Masked multi-head attention

http://peterbloem.nl/blog/transformers

Implementation: compute attention as we 
normally do, mask out attention to future 
words by setting attention scores to −∞

<latexit sha1_base64="xxQdf6fkSYbtQBE0tTDBzkjNQVY=">AAACYnicfVHLSgMxFM2MVuuo7dQudREsggspM1LUjVB0I7hpwT6grUMmzbShmYdJpjgM/Ul3rtz4IaYvH630QuDcc84lNyduxKiQlvWu6VvbmZ3d7J6xf3CYy5uFo6YIY45JA4cs5G0XCcJoQBqSSkbaESfIdxlpuaP7qd4aEy5oGDzJJCI9Hw0C6lGMpKIcM+n6SA5dL32ZOBTewmX7qtolbk2e6xffymij8fHHON5obDpmySpbs4LrwF6AElhUzTHfuv0Qxz4JJGZIiI5tRbKXIi4pZmRidGNBIoRHaEA6CgbIJ6KXziKawDPF9KEXcnUCCWfs74kU+UIkvquc0x3FqjYl/9M6sfRueikNoliSAM8v8mIGZQinecM+5QRLliiAMKdqV4iHiCMs1a8YKgR79cnroHlZtq/KlXqlVL1bxJEFx+AUnAMbXIMqeAA10AAYfGgZLafltU/d0At6cW7VtcVMEfwp/eQLrH+49Q==</latexit>

qi = xiW
Q,ki = xiW

K ,vi = xiW
V

<latexit sha1_base64="cmmeTp3ErU9O/X5+lT4Le9oHrCc="></latexit>

ei,j =
qi · kjp

dk
, 8j = 1, . . . , n

<latexit sha1_base64="q3pHoDq3gyEd3d7BpDL1Ju4M8Ps=">AAACHnicbVDLSgMxFM34rPU16tJNsAh1U2akPjZC0Y3LCvYBbRnupJk2NJkZkoxYhvkSN/6KGxeKCK70b0wfgrYeCBzOOZfce/yYM6Ud58taWFxaXlnNreXXNza3tu2d3bqKEklojUQ8kk0fFOUspDXNNKfNWFIQPqcNf3A18ht3VCoWhbd6GNOOgF7IAkZAG8mzT9oCdN8P0jbwuA+Zl7IMX2A8lqVIVRRoAfdZ8SdHM48deXbBKTlj4HniTkkBTVH17I92NyKJoKEmHJRquU6sOylIzQinWb6dKBoDGUCPtgwNQVDVScfnZfjQKF0cRNK8UOOx+nsiBaHUUPgmOVpSzXoj8T+vlejgvJOyME40DcnkoyDhWEd41BXuMkmJ5kNDgEhmdsWkDxKINo3mTQnu7MnzpH5cck9L5ZtyoXI5rSOH9tEBKiIXnaEKukZVVEMEPaAn9IJerUfr2Xqz3ifRBWs6s4f+wPr8BqNbo24=</latexit>

↵i = softmax(ei)



Masked (multi-head) attention

1 0 -1 -1

1 1 -1 0

0 1 1 -1

-1 -1 2 1

The following matrix denotes the values of  for  
qi ⋅ kj

dk
1 ≤ i ≤ n,1 ≤ j ≤ n (n = 4)

What should be the value of  in masked attention?α2,2

(A)  0

(B) 

(C) 


(D) 1

0.5
e

2e + e−1 + 1

The correct answer is (B)



Multi-head cross-attention 

Cross-attention 
between source and 

target sequence

Similar as the attention we 
learned in the previous lecture



Multi-head cross-attention

<latexit sha1_base64="xxQdf6fkSYbtQBE0tTDBzkjNQVY=">AAACYnicfVHLSgMxFM2MVuuo7dQudREsggspM1LUjVB0I7hpwT6grUMmzbShmYdJpjgM/Ul3rtz4IaYvH630QuDcc84lNyduxKiQlvWu6VvbmZ3d7J6xf3CYy5uFo6YIY45JA4cs5G0XCcJoQBqSSkbaESfIdxlpuaP7qd4aEy5oGDzJJCI9Hw0C6lGMpKIcM+n6SA5dL32ZOBTewmX7qtolbk2e6xffymij8fHHON5obDpmySpbs4LrwF6AElhUzTHfuv0Qxz4JJGZIiI5tRbKXIi4pZmRidGNBIoRHaEA6CgbIJ6KXziKawDPF9KEXcnUCCWfs74kU+UIkvquc0x3FqjYl/9M6sfRueikNoliSAM8v8mIGZQinecM+5QRLliiAMKdqV4iHiCMs1a8YKgR79cnroHlZtq/KlXqlVL1bxJEFx+AUnAMbXIMqeAA10AAYfGgZLafltU/d0At6cW7VtcVMEfwp/eQLrH+49Q==</latexit>

qi = xiW
Q,ki = xiW

K ,vi = xiW
Vi = 1,2,…, n

∀j = 1,2,…, m

<latexit sha1_base64="xxQdf6fkSYbtQBE0tTDBzkjNQVY=">AAACYnicfVHLSgMxFM2MVuuo7dQudREsggspM1LUjVB0I7hpwT6grUMmzbShmYdJpjgM/Ul3rtz4IaYvH630QuDcc84lNyduxKiQlvWu6VvbmZ3d7J6xf3CYy5uFo6YIY45JA4cs5G0XCcJoQBqSSkbaESfIdxlpuaP7qd4aEy5oGDzJJCI9Hw0C6lGMpKIcM+n6SA5dL32ZOBTewmX7qtolbk2e6xffymij8fHHON5obDpmySpbs4LrwF6AElhUzTHfuv0Qxz4JJGZIiI5tRbKXIi4pZmRidGNBIoRHaEA6CgbIJ6KXziKawDPF9KEXcnUCCWfs74kU+UIkvquc0x3FqjYl/9M6sfRueikNoliSAM8v8mIGZQinecM+5QRLliiAMKdqV4iHiCMs1a8YKgR79cnroHlZtq/KlXqlVL1bxJEFx+AUnAMbXIMqeAA10AAYfGgZLafltU/d0At6cW7VtcVMEfwp/eQLrH+49Q==</latexit>

qi = xiW
Q,ki = xiW

K ,vi = xiW
V

<latexit sha1_base64="cmmeTp3ErU9O/X5+lT4Le9oHrCc="></latexit>

ei,j =
qi · kjp

dk
, 8j = 1, . . . , n

<latexit sha1_base64="q3pHoDq3gyEd3d7BpDL1Ju4M8Ps=">AAACHnicbVDLSgMxFM34rPU16tJNsAh1U2akPjZC0Y3LCvYBbRnupJk2NJkZkoxYhvkSN/6KGxeKCK70b0wfgrYeCBzOOZfce/yYM6Ud58taWFxaXlnNreXXNza3tu2d3bqKEklojUQ8kk0fFOUspDXNNKfNWFIQPqcNf3A18ht3VCoWhbd6GNOOgF7IAkZAG8mzT9oCdN8P0jbwuA+Zl7IMX2A8lqVIVRRoAfdZ8SdHM48deXbBKTlj4HniTkkBTVH17I92NyKJoKEmHJRquU6sOylIzQinWb6dKBoDGUCPtgwNQVDVScfnZfjQKF0cRNK8UOOx+nsiBaHUUPgmOVpSzXoj8T+vlejgvJOyME40DcnkoyDhWEd41BXuMkmJ5kNDgEhmdsWkDxKINo3mTQnu7MnzpH5cck9L5ZtyoXI5rSOH9tEBKiIXnaEKukZVVEMEPaAn9IJerUfr2Xqz3ifRBWs6s4f+wPr8BqNbo24=</latexit>

↵i = softmax(ei)
<latexit sha1_base64="RD1WiDE2UIqxSpP1E+3vyy3nIf8="></latexit>

hi =
nX

j=1

↵i,jvj 2 Rdv

<latexit sha1_base64="q3pHoDq3gyEd3d7BpDL1Ju4M8Ps=">AAACHnicbVDLSgMxFM34rPU16tJNsAh1U2akPjZC0Y3LCvYBbRnupJk2NJkZkoxYhvkSN/6KGxeKCK70b0wfgrYeCBzOOZfce/yYM6Ud58taWFxaXlnNreXXNza3tu2d3bqKEklojUQ8kk0fFOUspDXNNKfNWFIQPqcNf3A18ht3VCoWhbd6GNOOgF7IAkZAG8mzT9oCdN8P0jbwuA+Zl7IMX2A8lqVIVRRoAfdZ8SdHM48deXbBKTlj4HniTkkBTVH17I92NyKJoKEmHJRquU6sOylIzQinWb6dKBoDGUCPtgwNQVDVScfnZfjQKF0cRNK8UOOx+nsiBaHUUPgmOVpSzXoj8T+vlejgvJOyME40DcnkoyDhWEd41BXuMkmJ5kNDgEhmdsWkDxKINo3mTQnu7MnzpH5cck9L5ZtyoXI5rSOH9tEBKiIXnaEKukZVVEMEPaAn9IJerUfr2Xqz3ifRBWs6s4f+wPr8BqNbo24=</latexit>

↵i = softmax(ei)

<latexit sha1_base64="XlpkrEVJ/xbYLi3+jHCBVaK54vU="></latexit>

ei,j =
qi · kjp

dk
, 8j = 1, . . . ,m

<latexit sha1_base64="ZgnDXAJYPreFeW3zqVeoxELAkLs="></latexit>

hi =
mX

j=1

↵i,jvj

Self-attention:
                  : hidden states from encoder
                  : hidden states from decoder <latexit sha1_base64="iku7O5mVABWmnc1yskR1IAmkRJ4=">AAACC3icbVDLSsNAFL2pr1pfVZduhhbBhZRERF0W3bisYB/QhjKZTNqhk0yYmYgldO/GX3HjQhG3/oA7/8ZJG1BbLwxzOOdc7r3HizlT2ra/rMLS8srqWnG9tLG5tb1T3t1rKZFIQptEcCE7HlaUs4g2NdOcdmJJcehx2vZGV5nevqNSMRHd6nFM3RAPIhYwgrWh+uVKL8R66AXp/aTvHKMe94VW5v9hjalq1+xpoUXg5KAKeTX65c+eL0gS0kgTjpXqOnas3RRLzQink1IvUTTGZIQHtGtghEOq3HR6ywQdGsZHgZDmRRpN2d8dKQ6VGoeecWY7qnktI//TuokOLtyURXGiaURmg4KEIy1QFgzymaRE87EBmEhmdkVkiCUm2sRXMiE48ycvgtZJzTmr2Ten1fplHkcRDqACR+DAOdThGhrQBAIP8AQv8Go9Ws/Wm/U+sxasvGcf/pT18Q3mBpr3</latexit>x1, . . . ,xn

(always from the top layer)
<latexit sha1_base64="eq5FwvN0cEewB7QdvH/UKAqnTYI=">AAACG3icbVDLSsNAFJ3UV62vqks3g0VwISUpRV0W3bisYB/QlDKZTNqhk0mYuRFL6H+48VfcuFDEleDCv3HSZqGtB4Y5nHMv997jxYJrsO1vq7Cyura+UdwsbW3v7O6V9w/aOkoUZS0aiUh1PaKZ4JK1gINg3VgxEnqCdbzxdeZ37pnSPJJ3MIlZPyRDyQNOCRhpUK65wIXPUjckMPKC9GE6HThn2BV+BNr8y244KFfsqj0DXiZOTiooR3NQ/nT9iCYhk0AF0brn2DH0U6KAU8GmJTfRLCZ0TIasZ6gkIdP9dHbbFJ8YxcdBpMyTgGfq746UhFpPQs9UZkvqRS8T//N6CQSX/ZTLOAEm6XxQkAgMEc6Cwj5XjIKYGEKo4mZXTEdEEQomzpIJwVk8eZm0a1XnvFq/rVcaV3kcRXSEjtEpctAFaqAb1EQtRNEjekav6M16sl6sd+tjXlqw8p5D9AfW1w+VXKJm</latexit>

x̃1, . . . , x̃m

Cross-attention:

<latexit sha1_base64="p43d02yj8nOK5saxeNol89M5yhQ="></latexit>

kj = x̃jW
K ,vj = x̃jW

V



Transformer encoder-decoder

softmax(Wohi)



Transformer encoder-decoder



Transformer encoder-decoder



Training Transformer encoder-decoder models
The same as the way that we train seq2seq models before!

English: hello world .

12M sentence pairs
French:  bonjour le monde .• Minimize cross-entropy loss:

T

∑
t=1

− log P(yt |y1, . . . , yt−1, w(s))

(denote )w(t) = y1, …, yT

• Back-propagate gradients through both encoder and decoder

• Training data: parallel corpus {( )}w(s)
i , w(t)

i

Masked self-attention is the key!
This can enable parallelizable operations while NOT looking at the future



Empirical results with Transformers

(Vaswani et al., 2017)

Test sets: WMT 2014 English-German and English-French



Empirical results with Transformers

(Liu et al., 2018): Generating Wikipedia by Summarizing Long Sequences

ED: encoder-decoder, D: decoder

DMCA: decoder with memory-compressed attention

MoE: mixture of experts



Transformer-based language models

• The model architecture of GPT-3, ChatGPT, …



Transformer architecture specifications



The Annotated Transformer

http://nlp.seas.harvard.edu/annotated-transformer/



Understanding Transformers

Which of the following is CORRECT?

(A) Multi-head attention is more computationally expensive than 
feedforward layers

(D) We can easily scale Transformers to long sequences

(B) Multi-head attention is more computationally expensive than 
single-head attention
(C) It is hard to apply Transformers to sequences that are longer than 
the pre-defined max_seq_length L

The correct answer is (C)



Transformers: pros and cons

• Easier to capture long-range dependencies: we draw attention between every pair of words!

• Easier to parallelize:
<latexit sha1_base64="Zj1Owf2jr65GlRqNMJIdIlsAOuc=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YvHFmy70K4lm2bb0GyyJlmhLP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/0NIyVYQ2ieRS+SHWlDNBm4YZTv1EURyHnLbD0e3Ubz9RpZkU92ac0CDGA8EiRrCxkt9A18hvPzR65YpbdWdAy8TLSQVy1Hvlr25fkjSmwhCOte54bmKCDCvDCKeTUjfVNMFkhAe0Y6nAMdVBNrt3gk6s0keRVLaEQTP190SGY63HcWg7Y2yGetGbiv95ndREV0HGRJIaKsh8UZRyZCSaPo/6TFFi+NgSTBSztyIyxAoTYyMq2RC8xZeXSeus6l1U3cZ5pXaTx1GEIziGU/DgEmpwB3VoAgEOz/AKb86j8+K8Ox/z1oKTzxzCHzifP4YNjvs=</latexit>

Q = XWQ
<latexit sha1_base64="O/Xdn2nZwVqugGAVDtC02kvexhg=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8lV0R9SIUvQi9VLDtQruWbJptQ7PZNckKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz84JEcG0c5xstLa+srq0XNoqbW9s7u6W9/aaOU0VZg8YiVl5ANBNcsobhRjAvUYxEgWCtYHgz8VtPTGkey3szSpgfkb7kIafEWMmr4SvstR5q3VLZqThT4EXi5qQMOerd0lenF9M0YtJQQbRuu05i/Iwow6lg42In1SwhdEj6rG2pJBHTfja9d4yPrdLDYaxsSYOn6u+JjERaj6LAdkbEDPS8NxH/89qpCS/9jMskNUzS2aIwFdjEePI87nHFqBEjSwhV3N6K6YAoQo2NqGhDcOdfXiTN04p7XnHuzsrV6zyOAhzCEZyACxdQhVuoQwMoCHiGV3hDj+gFvaOPWesSymcO4A/Q5w9zs47v</latexit>

K = XWK
<latexit sha1_base64="sG8GlMJZBZitk452XyeL5flQu3E=">AAAB73icbVBNS8NAEJ31s9avqkcvi0XwVBIR9SIUvXisYNNAG8tmu2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmhang2jjON1paXlldWy9tlDe3tnd2K3v7nk4yRVmTJiJRfkg0E1yypuFGMD9VjMShYK1weDPxW09MaZ7IezNKWRCTvuQRp8RYyffwFfZbD163UnVqzhR4kbgFqUKBRrfy1eklNIuZNFQQrduuk5ogJ8pwKti43Mk0Swkdkj5rWypJzHSQT+8d42Or9HCUKFvS4Kn6eyInsdajOLSdMTEDPe9NxP+8dmaiyyDnMs0Mk3S2KMoENgmePI97XDFqxMgSQhW3t2I6IIpQYyMq2xDc+ZcXiXdac89rzt1ZtX5dxFGCQziCE3DhAupwCw1oAgUBz/AKb+gRvaB39DFrXULFzAH8Afr8AZVYjwU=</latexit>

V = XWV

• Are positional encodings enough to capture positional information?

Otherwise self-attention is an unordered function of its input

• Quadratic computation in self-attention

Can become very slow when the sequence length is large



Quadratic computation as a function of sequence length
<latexit sha1_base64="Zj1Owf2jr65GlRqNMJIdIlsAOuc=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9kVUS9C0YvHFmy70K4lm2bb0GyyJlmhLP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFldW19Y3iZmlre2d3r7x/0NIyVYQ2ieRS+SHWlDNBm4YZTv1EURyHnLbD0e3Ubz9RpZkU92ac0CDGA8EiRrCxkt9A18hvPzR65YpbdWdAy8TLSQVy1Hvlr25fkjSmwhCOte54bmKCDCvDCKeTUjfVNMFkhAe0Y6nAMdVBNrt3gk6s0keRVLaEQTP190SGY63HcWg7Y2yGetGbiv95ndREV0HGRJIaKsh8UZRyZCSaPo/6TFFi+NgSTBSztyIyxAoTYyMq2RC8xZeXSeus6l1U3cZ5pXaTx1GEIziGU/DgEmpwB3VoAgEOz/AKb86j8+K8Ox/z1oKTzxzCHzifP4YNjvs=</latexit>

Q = XWQ
<latexit sha1_base64="O/Xdn2nZwVqugGAVDtC02kvexhg=">AAAB73icbVBNSwMxEJ34WetX1aOXYBE8lV0R9SIUvQi9VLDtQruWbJptQ7PZNckKZemf8OJBEa/+HW/+G9N2D9r6YODx3gwz84JEcG0c5xstLa+srq0XNoqbW9s7u6W9/aaOU0VZg8YiVl5ANBNcsobhRjAvUYxEgWCtYHgz8VtPTGkey3szSpgfkb7kIafEWMmr4SvstR5q3VLZqThT4EXi5qQMOerd0lenF9M0YtJQQbRuu05i/Iwow6lg42In1SwhdEj6rG2pJBHTfja9d4yPrdLDYaxsSYOn6u+JjERaj6LAdkbEDPS8NxH/89qpCS/9jMskNUzS2aIwFdjEePI87nHFqBEjSwhV3N6K6YAoQo2NqGhDcOdfXiTN04p7XnHuzsrV6zyOAhzCEZyACxdQhVuoQwMoCHiGV3hDj+gFvaOPWesSymcO4A/Q5w9zs47v</latexit>

K = XWK
<latexit sha1_base64="sG8GlMJZBZitk452XyeL5flQu3E=">AAAB73icbVBNS8NAEJ31s9avqkcvi0XwVBIR9SIUvXisYNNAG8tmu2mXbjZxdyOU0D/hxYMiXv073vw3btsctPXBwOO9GWbmhang2jjON1paXlldWy9tlDe3tnd2K3v7nk4yRVmTJiJRfkg0E1yypuFGMD9VjMShYK1weDPxW09MaZ7IezNKWRCTvuQRp8RYyffwFfZbD163UnVqzhR4kbgFqUKBRrfy1eklNIuZNFQQrduuk5ogJ8pwKti43Mk0Swkdkj5rWypJzHSQT+8d42Or9HCUKFvS4Kn6eyInsdajOLSdMTEDPe9NxP+8dmaiyyDnMs0Mk3S2KMoENgmePI97XDFqxMgSQhW3t2I6IIpQYyMq2xDc+ZcXiXdac89rzt1ZtX5dxFGCQziCE3DhAupwCw1oAgUBz/AKb+gRvaB39DFrXULFzAH8Afr8AZVYjwU=</latexit>

V = XWV

n × dq dk × n

n × dv

Need to compute  pairs of scores (= dot product)n2 O( )n2d

ht = g(Wht−1 + Uxt + b)
RNNs only require  running time:O(nd2)

(assuming input dimension = hidden dimension = d)



Motivation: Modeling Long Sequences

NLP: Large context required 
to understand books, plays, 

codebases.

Computer vision: higher 
resolution can lead to better, 

more robust insight.

Time series, audio, video, 
medical imaging data 
naturally modeled as 

sequences of millions of 
steps.
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Enable  
New Capabilities

Close Reality Gap Open New Areas



Attention Mechanism

O	=	Softmax(QKT)V
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Q  
(N x d)

K  
(N x d)

x

V  
(N x d)

x

O  
(N x d)

=

Query Key Similarity 
Score

Attention prob  
= row-wise normalized 

similarity score

Value Output

Softmax([𝑠1,  ⋯,  𝑠𝑁]) = [ 𝑒𝑠1

∑𝑖 𝑒𝑠𝑖
, ⋯,

𝑒𝑠𝑁

∑𝑖 𝑒𝑠𝑖 ]

→ →

Typical	sequence	length	N:	1K	–	8K 
Head	dimension	d:	64	–	128

 
(N x N)

S =  𝑄 𝐾𝑇   
(N x N)

A = Softmax(𝑆)

Attention scales quadratically in sequence length N



Efficient Transformers

(Tay et al., 2020): Efficient Transformers: A Survey
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Approximate Attention

Survey: Tay et al. Long Range Arena : A Benchmark for Efficient Transformers. ICLR 2020.

Approximate attention: tradeoff quality for fewer FLOPS



Attention is Bottlenecked by Memory Reads/Writes
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Q  
(N x d)

K  
(N x d)

 
(N x N)

S =  𝑄 𝐾𝑇

x

  
(N x N)

A = Softmax(𝑆) V  
(N x d)

x

O  
(N x d)

=

Query Key Similarity 
Score

Attention prob  
= row-wise normalized 

similarity score

Value Output

→ →

Typical	sequence	length	N:	1K	–	8K 
Head	dimension	d:	64-128

The biggest cost is in moving the bits! 
Standard implementation requires repeated R/W 

from slow GPU memory



Background: GPU Compute Model & Memory Hierarchy

Can we exploit the memory asymmetry to get speed up?  
With IO-awareness (accounting for R/W to different levels of memory) 

	Blogpost:	Horace	He,	Making	Deep	Learning	Go	Brrrr	From	First	Principles.
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1. Inputs start out in 
HBM (GPU 
memory)

2. Data moved to 
compute units & 

SRAM for 
computation

3. Output written 
back to HBM

https://horace.io/brrr_intro.html


FlashAttention: Reduce HBM Reads/Writes - Compute by Blocks

Approaches:  

(1) Tiling: Restructure algorithm to load block 
by block from HBM to SRAM to compute 
attention.  

(2) Recomputation: Don’t store attn. matrix 
from forward, recompute it in the backward.

Challenges:  

(1) Compute softmax normalization without 
access to full input.  

(2) Backward without the large attention matrix 
from forward.
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Tiling
Decomposing large softmax into smaller ones by scaling.

1. Load inputs by blocks from HBM to SRAM. 
2. On chip, compute attention output with respect 
to that block. 
3. Update output in HBM by scaling.

Animation credit: Francisco Massa
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Vision Transformer (ViT)

(Dosovitskiy et al., 2021): An Image is Worth 16x16 Words: Transformers for Image Recognition at Scale



Music Transformer

(Huang et al., 2018): Music Transformer: Generating Music with Long-Term Structure

https://magenta.tensorflow.org/music-transformer


