COS 484: Natural Language Processing (Due: 03/31/26)

Assignment #3

Instructor: Karthik Narasimhan

Read all the instructions below carefully before you start working on the assignment and before you make a
submission. The course assignment policy is available at https://princeton-nlp.github.io/cos484/. When
you’re ready to submit, please follow the instructions found here: http://bit.1ly/COS_NLP_Submission

e This assignment contains 2 parts, a theoretical and a programming part. The former consists of 2 problems,
and the latter has 1, for a total of 3 problems.

e We highly recommended that you typeset your submissions in BXTEX. Use the template provided on
the website for your answers. If you have never used I*TEX, you can refer to the short guide here:
http://bit.ly/WorkingWithLaTeX. Include your name and NetIDs with your submission. If you wish
to submit hand-written answers, you can scan and upload the pdf.

e Assignments must be uploaded to Gradescope by 11:59pm Eastern on the due date mentioned above.

e As per the late-day policy outlined on the course website, you have 4 late days that you can use any
time during the semester, with at most 3 late days per assignment. Once you run out of late days, late
submissions will incur a penalty of 10% for each day, up to a maximum of 3 days beyond which submissions
will not be accepted.

e All programming problems in this class should be completed in Google Colab using Python. If you would
like to get familiar with this environment, you may complete the problems in this introductory Colab
notebook (This will not be graded). If you’ve never worked with Google Colab before, take a look through
this introduction guide: Working With Colab. The answers to the written questions proposed in
the programming part should be answered in your Colab notebook.

e LLM usage policy: You may not consult a Large Language Model (LLM) when working on the
Theoretical part of this assignment. For the Programming Part only, you may use coding assistants
(like GitHub Copilot, Cursor, etc.) for writing code. If you do use such assistants, include the prompts
you used at the end of your Colab notebook.


https://princeton-nlp.github.io/cos484/
http://bit.ly/COS_NLP_Submission
http://bit.ly/WorkingWithLaTeX
https://colab.research.google.com/drive/1oKo4A5mu9ygeyCZDj8nNEbTwZmQhqf4d?usp=sharing
https://colab.research.google.com/drive/1oKo4A5mu9ygeyCZDj8nNEbTwZmQhqf4d?usp=sharing
https://docs.google.com/document/d/e/2PACX-1vRxeJWX9tGMmzD9TWJlkop21K_wU7cDTN63-KnRAhqw8jFYYG_lKbJuDD1A0FdgX4uuYGzDY5mfn6l0/pub
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‘ Theoretical Part ‘

Submission Policy: Submit a single PDF for the answers to all questions in this part.

‘Problem 1: LSTMs vs Transformers‘ (4 + 3 + 3 + 4 = 14 points)

Both LSTMs and Transformers can be thought of a transformation from a sequence of input vectors x1,Xso,...,X, €
R? to a sequence of outputs hy, hy, ..., h, € R? (for simplicity, we assume their dimensions are the same). In
this problem, we will compare the running time of an LSTM layer with a (single-head) self-attention layer in a
Transformer:

e LSTM:
0o; = O'(W(O)hi_l —+ U(O)Xi) g, = tanh(W(g)hi_l + U(Q)Xl)
C; = fz ®ci—1 + iz ©g; hz' =0; ® tanh(ci)
where WO W) W) W) U@ Ul Ul Ul ¢ R¥¥? (the bias terms are omitted).
o Self-attention:

q; = W(q)xiv kl = W(k)x’ia Vi = W(’U)X’h

WO explacky/VA)
hz %% Jz:; <E?/_1 exp(qi k]l/\/a) J)

where W@ Wk W) W) ¢ Rdxd,

(a) (4 points) Compare the running time of the forward pass of these two layers by counting the total number
of floating-point multiplication operations in terms of n and d. Use the following assumptions:

1. For attention, assume that q; - k;/ Vd is computed for all i and j and cached. This can then be re-used
to compute the denominator of the softmax.

2. You can ignore the cost of dividing by v/d and dividing by the normalization constant for a softmax.

3. You can ignore the cost of activation functions and exponentials.

(b) (3 points) Suppose that we want to run these two layers on long sequences n > d (e.g., d = 512, n = 4096),
which layer runs faster in theory? In practice, which layer is easier to parallelize? Which layer is better at
capturing long-term dependencies? Provide a brief reasoning for each answer.

(c) (3 points) Now consider the total number of learnable parameters in each layer (still ignoring bias terms).
Derive the parameter count for both the LSTM layer and the self-attention layer in terms of d. Which layer
has more parameters, and what does this imply about the model capacity and risk of overfitting when training
data is limited?

(d) (4 points) Suppose we extend the single-head self-attention layer to multi-head attention with H heads.
Each head uses projection matrices W;Lq), W;lk), ng) e R4x(d/H) and the outputs of all heads are concatenated
and projected through W(®) € R?*4_ Derive the total number of floating-point multiplications for the multi-
head attention layer in terms of n, d, and H (using the same assumptions as part (a)). Is the cost the same as,
cheaper, or more expensive than single-head attention?
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Problem 2: Attention for Time-Series Data (3+ 3 + 4 4+ 10 = 20 points)

We are interested in modeling time-series data and would like to use a masked self-attention layer with a
single head. The masking pattern in this self-attention layer is causal, i.e. queries cannot attend to keys and
values at future time steps, and it is the type of self-attention layer used in a Transformer decoder. We make a
small modification to the masked self-attention layer: The layer takes inputs X1, Xa, . ..,X, € R? and outputs
a sequence of scalars y1,¥o,...,y, € R, via the following implementation:

ai = W%, k,=WWx, v,=wWWx,
A= exp(q; - k;/7)/ (Z;,:l exp(q; - kj//T)) j<i
J 0 Py

7
vi= ) Aiv
j=1

where A; ; are the indices of the attention matrix A € R™*", 7 is a hyper-parameter that controls the softmax
temperature and W@ € R2%4 is the query projection matrix, W*) e R2%4 is the key projection matrix and
W) ¢ R4 i5 the value projection matrix. We will make the following assumptions throughout the question:

1. The input vector at time step ¢ has the following structure:

pir =[1 0 0 07

P2 = [0 1 0 .. O]T

Xy = {u’} J where Ps =[0 0 1 .. 0]
P .

per =0 0 0 ... 1T

Here, u; € R is the time-series value at time step 7 and p; € R%~! encodes the positional (or temporal)
information as a one-hot vector. Therefore, we can only encode sequence up to a maximum length of
N =d -1, i.e., the sequence length must be 1 <n < N.

2. The weights of the key projection matrix are defined by:

0 27m(1) 27(2) 2 (N—1) 27(N)
Wk — COS == COos ——~ Cos = CoS =
- . 2m(1) . 2m(2) . 2w(N-1) . 2w(N) |
0 sin=F— sin=—F~ sin =—5—  sin ——

where N = d — 1 is again the maximum sequence length. This ignores the time-series values and maps
the positional information to an R? vector. The weights of the value projection matrix are defined by:

W =100 .. 0 0

This selects the information of the time-series values and ignores the positional information.

(a) (3 points) Assume that the maximum sequence length is N = 8. Since the key vectors ki, ko, ..., k;,
only use the positional information of the input sequence, we can compute the key vectors for any valid input
sequence which follows our assumptions. Sketch these key vectors on a 2-d plane and label the vectors by their
time-step. (You do not need to show numeric values for these vectors.)

(b) (3 points) Consider a layer where the weights of the query matrix are all zero:

0 00 .. 00

(¢) —
w 0 0 0 ... 0 0|’

Describe the resulting attention matrix for an input sequence of length n. If the input contains a time-series
with values uq,uo, ..., u,, what would the output of the layer be?
Hint: Remember that the attention mechanism is causal!
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(c) (4 points) Describe the behavior of the attention mechanism in the limit of 7 — 0. Pay attention to the
special case of “ties”, when multiple entries have the same value, i.e. A;; = A; j for j # j'.

(d) (10 points) We now assume that the layer operates in the limit of 7 — 0. Consider the following time-series
operations and, for each, either:

A. Show how the operation can be implemented with the attention layer by finding the corresponding atten-
tion matrix A and a query projection matrix W@, or

B. Give a reason why the operation cannot be implemented with the attention layer under our assumptions.
(i) Always select the value at the m’th time step, where m is a hyperparameter and greater than 1:
Yi = Um

(ii) A moving average of the current and the previous time-series value:

Uy ifie=1
Yi = s .
% otherwise

Hint: You need to use the special case of “ties” from your answer in (c).

(iii) An exponentially-weighted moving average of the current and all previous time-series values, defined by:

7 A

vi= | Sy | /[ @)

Jj=1 Jj=1
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Programming Part ‘

Submission Policy: The answers to the written questions for this part should be answered in the Colab
notebook. Do not include the answers to this part in the same PDF as the theory part.

‘Problem 1: Neural Machine ’I‘ranslation‘ (20 + 2 + 4 4 10 = 36 points)

Machine translation is the task of automatically translating text from one language (the source) to another
(the target). Modern neural machine translation (NMT) systems use an encoder-decoder framework: an en-
coder reads the source sentence and produces a sequence of contextual representations, and a decoder generates
the target sentence one token at a time, conditioning on both the encoder’s output and the tokens it has gen-
erated so far. The decoder attends to the encoder’s representations through cross-attention, which allows it to
focus on relevant parts of the source sentence at each generation step — effectively learning a soft alignment
between source and target words. We evaluate translation quality using BLEU (Bilingual Evaluation Under-
study), a standard metric that measures the overlap of n-grams between the model’s output and one or more
reference translations. A higher BLEU score indicates closer agreement with the reference.

In this problem, you will implement a sequence-to-sequence model based on the Transformer architecture
to build an NMT system that translates from French to English. You will implement the core components of
the model (embeddings, multi-head attention, encoder, decoder), train it on a parallel corpus, evaluate it using
BLEU, and visualize what the model learns through its attention weights. To get started, open this Colab
notebook.

Data We will use a dataset consisting of parallel French and English sentences and partitioned into training,
validation and test splits. You will need to tokenize the data using French and English tokenizers which are
provided with the assignment resources. We will use BPE (byte pair encoding) tokenization, which can split
a less common word into multiple subword tokens. If you are interested in learning more about BPE, see the
paper Neural Machine Translation of Rare Words with Subword Units, or this blog post.

Model The model you will be implementing is an encoder-decoder Transformer model.

Output
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https://en.wikipedia.org/wiki/BLEU
https://en.wikipedia.org/wiki/BLEU
https://colab.research.google.com/drive/1WZPqrMBYIuS-XgEKyqqpM3E0XC44HcAf?usp=sharing
https://colab.research.google.com/drive/1WZPqrMBYIuS-XgEKyqqpM3E0XC44HcAf?usp=sharing
https://www.aclweb.org/anthology/P16-1162.pdf
https://lena-voita.github.io/nlp_course/seq2seq_and_attention.html#bpe
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We will describe each block of the model. Let d be the embedding dimension of input embeddings and
hidden states, N the maximum sequence length and V() and V(® the vocab sizes for encoder and decoder
vocabulary, respectively. Let n be the length of a particular input sequence. In practice, the model will process
B sequences in a batch in parallel and the sequence might contain pad tokens, which should be excluded from
the attention mechanism and the loss function.

e Embedding: Let E(©) ¢ RV“’%d be the token embedding tables and P(¢) € RVN*? be the positional
embedding tables for the encoder. To embed a token with token id ¢ at position ¢, we look up the token
embedding at index ¢ and position embedding at index ¢ and add the two embeddings. The same procedure
is done in the decoder embedding layer with separate matrices E(®) ¢ RV'“xd and P@ € RV*d, The
output of each embedding layer is a sequence of vectors hgo), hé0)7 . ,hg,o) € R4

e Multi-head attention: The input to this layer is a sequence of hidden state vectors from the previous

-1 -1 -1
(=0 00 D

layer h ,hy, € R%. We project each of these vectors to query, key and value vectors:

g’ = WO k) = wmp(=D O — (Y,

where qgl),kl(.l),vgl) € Re. For the sake of clarity, we are omitting the layer index (I) from the weight
matrices and intermediate variables. In cross-attention, the input to key and value matrices would be
the output states of the encoder, whereas the queries would be computed from the hidden states of the

decoder.

We then split these vectors into H separate vectors, where H is the number of attention heads:

qi,1 ki1 Vi1

qi,2 ki o Vio
q; = . ) k'L = . , Vi = . 9

Qi H ki o Vi H

where q; n,Kin, Vin € R and dy = % is the head dimension. For each head h, we compute a scaled

dot product attention:

yin = zn: exp(ai,n - kjn/Vdu) vin
" Z?’ﬂ exp(q;,n 'ijh/v dm) mep

Jj=1

where each y; j, € RéH

We need to make sure to avoid attending to pad tokens, which should not affect the model’s output. In
practice, this is achieved by setting the attention score q;p - kjn/v/du to a very large negative value
if there is a pad token at position j. When computing the self-attention in the decoder, we use causal
masking to avoid attending to future values:

Yin = EZ: ( 'exp(qi’h Kjun/ Vi) Vih
7 E;":l exp(qin - Ky n/Vdm) "

Jj=1

Finally we stack the attention outputs and project each token to obtain a sequence of output vectors
h” h", ... h{ e R
Yia
hl(.l) = w) yz:’Q

Yi,H

e Feedforward layers: The input to this layer are a sequence of hidden state vectors from the previous layer
hglil), hélil), ceey hgil) € R?. Each feedforward layer learns two feedforward matrices: W) ¢ Rdrxd
and W®) € R4 (we are omitting the layer index again). These matrices are used to project each
input vector to a larger intermediate dimension dj, apply a ReLLU activation and then project back to the
original embedding space. Finally, dropout is applied.

h{" = Dropout(W®ReLUW M h{ 1))
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e Add & Norm: After each attention and feedforward block, we add a residual network connection and
perform layer normalization. This helps with optimization issues of training deep Transformer networks.

e Output layer: We will re-use the token input embeddings and perform next token prediction at each
position ¢ in the decoder:

logits; = E@h{) e RV
Note that in PyTorch, we do not have to compute the softmax when using the cross entropy loss function.
Tips

e Before starting to train models, make sure you visualize the attention weights to convince yourself that
attention masking is working correctly. You are encouraged to implement additional tests and sanity
checks for the rest of the code.

e Although this is an extensive coding assignment, we provide a template in the Colab for each part you need

to implement. You should make use of PyTorch’s documentation when needed https://pytorch.org/docs/stable/.

If you get stuck, don’t hesitate to leverage Al coding tools to help you debug.

(a) (20 points) Complete the code implementation in order:
1. Complete the data loading and tokenization code to produce tokenized datasets.

2. Implement the multi-head attention module. You are not allowed to use nn.MultiheadAttention or
nn.functional.scaled dot_product_attention for this. For full credit, avoid using python loops.

3. Before moving on to completing the other sub-modules, code up a sanity check for the multi-head attention
(see colab for exact details). The generated plots should show the correct attention masking patterns.
Make sure that they are included in your submitted notebook.

4. Implement the embedding layer, which computes and sums the token embeddings and the positional
embeddings.

5. Implement the transformer block, which combines the multi-head attention and embedding layers either
for the encoder or the decoder.

6. Put all the sub-modules together by implementing the main EncoderDecoderModel.

(b) (2 points) Now you should be ready to train an NMT system on the real data. Start the training process
using the model that you just completed. Take a look at the hyperparameters defined in colab (don’t change
them!) and observe the training progress in the training log. Make sure to include the training log in your
answer. Provide answers at the end of the notebook to the following questions:

(i) What vocabulary size are you using for the source and target language including special tokens?

(ii) Approximately how many source and target tokens are on average contained in a training batch? What
proportion of these tokens are <pad> tokens on average?

(c) (4 points) Load the trained model and evaluate the model on the test set. Report the corpus-level BLEU
score (using nltk.translate.bleu score.corpus_bleu) you've obtained on the test set. Manually look at
some results and compare them with the gold answers. What do you think of the quality of the translations?
Are these grammatical English sentences? Can you identify any common mistakes?

(d) (10 points) Extract and visualize the cross-attention weights from the last decoder layer, averaged
across all attention heads. This should produce a single 2-D heatmap per example, where the rows correspond
to the generated English (target) tokens and the columns correspond to the French (source) tokens.

Produce attention heatmaps for the following two French sentences:

1. Le chat noir est assis sur le tapis rouge.


https://pytorch.org/docs/stable/
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2. Elle n’a pas encore pris une décision importante concernant son avenir.
For each example, answer the following questions:

(i) Does the attention pattern resemble a word-level alignment between the source and target sentences?
Where does it deviate from a diagonal pattern, and why might that be the case? (Hint: Consider word
order differences between French and English.)

(ii) Does the attention heatmap reveal anything about how the model handles the translation? For instance,
are there tokens where attention is diffuse or concentrated, and can you relate this to the structure of the
sentence?



